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1 Introduction

Intermediate inputs, and production networks that facilitate their trade, are a cornerstone of mod-
ern economies’ production structures. According to the Bureau of Economics Analysis, in the
United States more than 50 per cent of all produced goods are processed as intermediate inputs.
Despite intermediates being a key part of production, their relative importance falls in recessions:
Figure 1 shows that the aggregate cost share of intermediates drops sharply in periods of economic
slack. Moreover, one can observe that the reliance on intermediates falls both in recessions that
originated in the real sector, as well as in those caused by monetary contractions, such as the Vol-
cker Disinflation. Such network cyclicality is missed by models that take input-output linkages as
given. I fill this gap by developing a dynamic general equilibrium model with sticky prices and en-
dogenous formation of input-output linkages. The model delivers cyclical properties of production
networks that are consistent with those I estimate using sectoral and firm-level data, conditional
on both real and nominal shocks.

Accounting for the observed network cyclicality allows the model to rationalize multiple ob-
served non-linearities in the transmission of monetary shocks to real variables. This is because
the model links the density of the network, given by the number of suppliers each firms optimally
chooses to have, with the degree of complementarities in price setting created by the roundabout
production structure. Specifically, in states of the world where firms endogenously connect to
more suppliers, their unit cost becomes dependent on a larger number of prices set by other firms,
which strengthens pricing complementarities and amplifies monetary non-neutrality. Naturally, in
states with few linkages across firms the opposite occurs: pricing complementarities weaken and
monetary non-neutrality diminishes. This novel mechanism makes the strength of monetary trans-
mission depend on the phase of the business cycle, past monetary stance and the size of the shock
even if the probability of price adjustment is state-independent. Below I explain each of the three
non-linearities step-by-step.

First, the magnitude of real GDP response to monetary shocks is cycle-dependent, since the
degree of short-run monetary non-neutrality is stronger in expansionary states. The mechanism that
generates this effect is as follows: in expansions, the level of productivity is high, which incentivizes
firms to connect to more suppliers by lowering their unit costs directly through higher productivity
and indirectly through lower prices charged by suppliers. The latter creates stronger non-neutrality
of money due to amplified complementarities in price setting. On the other hand, in recessions firms
optimally decide to disconnect from some suppliers, making the economy more money-neutral, as
complementarities in price setting weaken. These theoretical findings are consistent with the recent

model-free econometric studies that find a weaker response of GDP to monetary shocks in recessions



Figure 1: The relative importance of intermediate inputs (United States)
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Notes: the figure documents the ratio of total expenditure on intermediate inputs and total production costs in the United
States (1963-2013), based on data published by the US Bureau of Economic Analysis (BEA)

(Tenreyro and Thwaites, 2016; Alpanda et al., 2021; Jorda et al., 2020).

Second, there is path dependence in the strength of transmission, since following a monetary
loosening any further monetary intervention has a stronger effect on GDP. Due to rigidities in
price setting, a monetary loosening makes prices charged by supplier firms cheaper relative to the
cost of in-house labor, which incentivizes firms to connect to more suppliers, hence expanding
the network and strengthening complementarities in price setting. As a result, any subsequent
monetary intervention has a stronger effect on GDP. Of course, the converse also holds: any
monetary shocks have a weaker effect on real GDP whenever they are preceded by episodes of tight
monetary policy. Such theoretical findings are consistent with the econometric evidence of stronger
monetary transmission to GDP under an already loose monetary stance (Alpanda et al., 2021) and
additional evidence that finds GDP to be more sensitive to monetary interventions whenever credit
is loose (Jorda et al., 2020).

Third, the model produces size dependence, as the response of GDP does not change linearly
with the size of monetary shock, even if the probability of price adjustment is state-independent.
Larger monetary expansions have a disproportionally larger positive effect on real GDP compared
to smaller monetary expansions, as the former make the network denser. As a result, achieving
a given degree of real GDP expansion requires a (weakly) smaller monetary easing. On the other
hand, larger monetary contractions have a disproportionally smaller negative effect on real GDP
compared to smaller monetary contractions, as the former shrink the network. A consequence
of the above is that achieving a given degree of real GDP contraction requires a (weakly) larger

monetary tightening. Econometric findings in Alvarez et al. (2017) and Ascari and Haber (2022),



find that large nominal shocks have a disproportionally smaller effect on real variables, compared
to small nominal shocks, which is consistent with my predictions for monetary contractions.!

Fourth, I provide novel reduced-form econometric evidence on network cyclicality, conditional
on identified productivity and monetary shocks, which corroborates the theoretical mechanism in
my model. As a first exercise, I use sectoral data from US Bureau of Economic Analysis (BEA)
to construct annual time series of intermediates intensities for 65 sectors of the US economy. Con-
sistent with the theoretical prediction, I find that intermediates intensity rises following a positive
productivity shock, and following a monetary easing. Moreover, I find evidence that the effect
is asymmetric: expansionary shocks, both to productivity and monetary policy, lead to dispro-
portionally larger magnitudes of network responses. I compare estimated responses with those
generated by a calibrated version of my model, and find them to be similar, both in magnitudes
and in the asymmetry of responses. One limitation of using sectoral data is that it does not allow to
disentangle intensive and extensive margins of network adjustment, whereas my theoretical model
emphasizes the extensive margin. I therefore provide additional evidence using data on firm-level
linkages in Compustat, as constructed by Atalay et al. (2011), which allows to specifically test the
extensive margin of network adjustment. My findings using firm-level data align with the evidence
obtained using sectoral data, both in terms of directions of responses to productivity and monetary
shocks, and in terms of the asymmetries detected.

The novel mechanism I propose rests crucially on two building blocks. First, it relies on the
ratio of nominal wage to (input) prices being procyclical, or more specifically that such measure
of the real wage rises after monetary expansions and productivity improvements. Second, my
mechanism allocates a central role to the procyclicality of the extensive margin of the network
structure. Both building blocks are consistent with available empirical evidence. In particular,
the seminal work by Basu (1995) shows empirically that, unconditionally, prices of intermediate
goods are less procyclical than unit labor costs, suggesting that the relevant real wage is indeed
procyclical overall. As for the conditional cyclicality, econometric analysis in Barth and Ramey
(2001), Christiano et al. (2005) and Christiano et al. (2010) finds that real wages increase following
monetary expansions, consistent with my model. Moreover, Liu and Phaneuf (2007) and Christiano
et al. (2010) provide empirical evidence that real wages also rise following technology improvements.
As for the importance of the extensive margin of adjustment in production network cyclicality, the
work by Taschereau-Dumouchel (2019) and, more recently, Xu et al. (2023) uses data on linkages

across the universe of US firms to show that the aggregate number of links across the firms is,

'Providing econometric evidence on the degree of size dependence separately for monetary expansions and con-
tractions is therefore an important avenue for future empirical work. However, existing time series for monetary shocks

are in general insufficiently long to conduct such a demanding exercise with available econonometric techniques.



unconditionally, strongly procyclical. My own empirical evidence in this paper further confirms

that the number of linkages rises conditional on either monetary or productivity expansions.

Contribution to the literature This paper makes a contribution to three strands of the lit-
erature. First, it adds to the emerging literature on endogenous production networks in macroe-
conomics. Seminal studies analytically characterize network formation in environments that are
either entirely frictionless or feature frictions with flexible prices (Carvalho and Voigtlander, 2015;
Oberfield, 2018; Taschereau-Dumouchel, 2019; Acemoglu and Azar, 2020). Subsequent studies fur-
ther advance our understanding of the role of endogenous networks by adding uncertainty (Kopytov
et al., 2021), or through detailed quantitative analysis that brings models with endogenous networks
to the data (Lim, 2018; Huneeus, 2018). My work contributes to this literature by developing the
first dynamic general equilibrium model featuring endogenous network formation under nominal
rigidities. I also provide novel reduced-form econometric evidence on network cyclicality in the US,
both unconditionally and conditional on identified productivity and monetary shocks, which the
model successfully replicates.

Second, the paper contributes to the literature on shocks, frictions and macroeconomic policies
in multi-sector models with input-output linkages. An important strand of this literature studies
the dynamics of monetary transmission under exogenous production networks, both analytically
(Ghassibe, 2021; Afrouzi and Bhattarai, 2023), quantitatively using detailed calibration (Basu,
1995; Nakamura and Steinsson, 2010; Pasten et al., 2020), as well as in fully estimated models
(Smets et al., 2019; Carvalho et al., 2021). As for optimal monetary policy under fixed exogenous
networks, it is studied in important recent papers by La’O and Tahbaz-Salehi (2022) and Rubbo
(2023). A separate branch of this literature studies, both positively and normatively, fiscal policy in
multi-sector models with exogenous networks (Liu, 2019; Bouakez et al., 2023). Another influential
strand of this literature studies aggregation properties of any microeconomic frictions and wedges
under exogenous networks (Jones, 2011; Grassi, 2017; Baqaee and Farhi, 2020; Bigio and La’O,
2020). I contribute to this literature by providing novel sector-level analytical characterization of
monetary transmission under endogenous network formation in the static version of my model. 1
also develop a novel numerical algorithm that allows to solve for the entire path of sectoral prices,
quantities and network linkages in response to any MIT shock, nominal or real. My numerical
algorithm allows me to quantify the dynamics of transmission of both productivity and monetary
changes in a version of my model calibrated to 389 sectors of the US economy.

Third, my work contributes to the literature on non-linearities and state dependence in the
transmission of shocks. The theoretical literature on state dependence in monetary transmission

includes Santoro et al. (2014), who study asymmetric transmission of monetary policy under loss



aversion; McKay and Wieland (2021) who rationalize path dependence in a framework with lumpy
durable consumption demand; Alpanda et al. (2021) who explain non-linearities in a model with
constraints on household borrowing and refinancing; Eichenbaum et al. (2022) who show how the
effect on monetary policy depends on the distribution of savings from refinancing mortages; Berger
et al. (2021) who investigates path-dependence under pre-payable mortgages; Bernstein (2021) who
shows that presence of occasionally binding borrowing constraints and household heterogeneity
makes responses to monetary transmission stronger in expansions and contractionary shocks more
powerful than expansionary ones.? There is also an important empirical strand which estimates
how the strength of monetary transmission depends on the phase of the business cycle, prior
monetary conditions and the size of the shock (Tenreyro and Thwaites, 2016; Jorda et al., 2020;
Ascari and Haber, 2022). A separate branch of this literature studies, both theoretically and
empirically, the degree of state dependence in the transmission of fiscal shocks (Auerbach and
Gorodnichenko, 2012; Ramey and Zubairy, 2018; Demyanyk et al., 2019; Ghassibe and Zanetti,
2022; Jo and Zubairy, 2022). My paper contributes by developing a tractable framework that can
simultaneously rationalize multiple non-linearities in monetary transmission through a single novel
theoretical channel, which is supported by both aggregate and disaggregated data.

The remainder of the paper is structured as follows. Section 2 sets out the general theoretical
framework. Section 3 develops an analytically tractable version of the model and presents the
key theoretical results. Section 4 develops the numerical algorithm for solving a dynamic forward-
looking version of the model and quantifies the key effects. Section 5 provides novel econometric

evidence that corroborates the key mechanisms of the model. Section 6 concludes.

2 Theoretical framework

I build a dynamic general equilibrium model, which unifies two environments that have so far
been treated as separate in the literature. On the one hand, the model features a multi-sector
input-output production structure, with firms’ pricing decisions subject to sector-specific nominal
rigidities. On the other hand, input-output linkages are formed endogenously by firms that optimize
their production costs. As a result, the equilibrium production network responds to real and
nominal disturbances, both realized and anticipated. Such cyclicality in the production network

makes the strength of pricing complementarities, and hence the degree of monetary non-neutrality,

2Note that in the models of McKay and Wieland (2021) and Eichenbaum et al. (2022) monetary easings today
limit the effectiveness of any future monetary stimuli, which is the opposite of the path dependence in my model.
This highlights that each channel of path dependence is conditional on the specific model and may therefore have

different properties.



depend on the underlying state of the world.

2.1 Model overview

Time is discrete, with outcomes in ¢ = 0 exogenously given, and outcomes in ¢t > 1 determined by
agents’ decisions. There are three types of agents in my model. First, a continuum of infinitely lived
households. Second, a continuum of monopolistically competitive firms, owned by the households,
where each firm belongs to one, and only one, of the K sectors; let the set of all firms in sector k
be &, Vk = 1,2,..., K. Third, a government, comprising of a central bank which sets the level of
money supply in the economy, and a fiscal authority which collects taxes from firms and rebates
them to households as a lump-sum transfer.

A crucial feature of my economy is the presence of a production network across sectors, where
the input-output linkages are formed endogenously through each firm’s choice of set of suppliers,
denoted by S < {1,2,..., K},Vk,Vj € ®. For every choice of supplier sectors, there is a given level
of productivity pinned down by a predetermined time- and sector-specific mapping {Akt<5kt)};ﬂ:1,
and Ay = [A(.), A2(.), ..., Axe(.)]’,Vt. Importantly, the entire path {A:};°; is known to the
agents at t = 0, and it is expected to remain unchanged forever. For any two mappings A and A,
the convention is that A > A if and only if Ax(Sk) = A.(Sk), VS, Vk.

As for the nominal side of the economy, at ¢ = 0 the agents know the initial level of money
supply My, and expect it to remain unchanged forever. At the beginning of the first period t = 1,
they discover the future path of money supply {M;};°,, and there is no uncertainty from there

onwards.

2.2 Firms: production and endogenous choice of suppliers

On the production side, there are K sectors, indexed by k& = 1,2, ..., K with a measure one of firms
in each sector; let ®; denote the set of all firms in sector k. The production function of firm j € &,
is given by:

Yir(§) = F [Skt(j)aAkt(Skt(j))ath(j)7 {Zkrt(j)}reSkt(j)] (1)

where Sk (7) € {1,2, ..., K} is the set of sectors, whose firms supply inputs to firm j in sector k at
time t, Ag¢(.) is a mapping from the chosen set of suppliers to the associated level of productivity
at time ¢, Ny (j) is the labor input of firm j in sector k at time ¢, whereas Z,.+(j) denotes purchases

of intermediate inputs from sector r, which is in turn is an aggregator of purchases from all firms

_0
in that sector: Zi.(j) = (Sj/e@ Zert (3, j/)g’%ldj’) ' 9 > 1. I impose the following regularity

conditions on the production function:



Assumption 1 (Production function). For every sector k = 1,2, ..., K, the production function
satisfies the following conditions: (a) Fy is strictly quasi-concave, is constant returns to scale in

(Nkt(5): {Zkrt(§)},es,,)s is increasing and continuous in Aki(Skt), Nkt(§) and {Zgrt(5)} and

reSkt’?

is strictly increasing in Agi(Skt) when Nii(j) > 0 and {Zyre(5)} > 0; (b) labor is an essential

factor of production: Fi(-,-,0,) =0; (¢) Ax () > 0.

TGSkt

Conditional on a particular set of suppliers Si:(j), each firm’s total cost of production at time ¢
is given by [Wtth (4)+2e S (7) Prt 2 (j )], where W; is the nominal wage and P,; is price index
of sector r. Taking as given Sk¢(j), Wi and {Prt},eg,,(j), €ach firm chooses labor and intermediate
input quantities to minimize the total cost, subject to the production function in (1). The latter

delivers the following unit cost function:

th(]) = O [Skt(j)aAkt(Skt(]))ﬂ W, {Prt}rESkt(j)] : (2)

Three properties of the unit cost function should be noted. First, for a given choice of suppliers,
the unit cost function is common to all firms within a given sector. Second, given the properties
of the production function, Qf is decreasing and continuous in Ag:(Sk:(7)) and is increasing and
homogenous of degree one in (Wi, { Pt },eg,,(j))- Third, as the set of supplier sectors Sy(j) expands,
the unit cost function becomes a function of a larger set of sectoral prices. The latter property is
crucial for delivering the state-dependent degree of complementarities in price setting.
Finally, the set of suppliers is chosen optimally to minimize the unit cost of production in every
period:
Skt(j) € arg min) Ok [Ske (7)) Art (Skt (7)), Wi { Pritresi, ()] - 3)

Skt (7
The above minimization problem highlights the trade-off faced by firms when choosing the optimal
set of suppliers: firms would like to purchase inputs from sectors whose combination delivers a
high level of productivity, while at the same time avoiding those that charge high prices for their
output. Notice that the optimal choice of suppliers is based on aggregate and sectoral variables
only. Since all firms within a given sector are ex ante identical, they will be making the same choice
of suppliers in equilibrium. To simplify notation, from now on I use Sj; to denote the common
choice of suppliers for all firms in a sector k in time period t. As a result, the unit cost is also

common for all firms within a given sector, which from now on I denote by Q.



2.3 Firms: pricing under nominal rigidities

Price stickiness is modeled as a modified finite-horizon version of Calvo (1983).% In particular, there
exists a finite, deterministic time period 7" > 1, such that in periods 1 < ¢ < (7' — 1) firms face
a constant and sector-specific probability of price non-adjustment oy € (0, 1), whereas in periods

4 The cut-off period T > 1 is known by all agents in the

t = T firms face no nominal rigidities.
economy from ¢ = 0 and they expect it to stay fixed forever; naturally, as T" — oo the price setting
problem collapses back to the standard Calvo (1983) pricing.”

More precisely, in any period 1 < ¢t < (T'— 1) a firm in sector k£ has probability (1 — ay) of
setting its price equal to its optimal value. The optimal reset price at time 1 < ¢t < (T — 1) is
chosen to maximize expected future discounted nominal profits:

T—t—-1

})HB(Q() Z ath,t+S [pkt(j)ffk,ws(j) - (1 + Tk)Qk,t+sYk,t+s(j)] s (4)
kt\J) s=0

. -
where Yy +15(j) = [1;’“:753)] Yit+ss Fre+s is the stochastic discount factor between periods ¢ and
t + s and is defined in the next subsection; 73 is a tax imposed by the government, revenue from

which is rebated to households as a lump-sum transfer. The first order condition for the optimal

reset price for any firm in sector k, Py is given by:

T—t—1 0
Zs:() ath,t+st7t+5Yk,t+sQk,tJrs

T—t—1 P
25:0 ath,t+st’t+5Yk,t+s

Pr(§) = Pre = (1 + ) L 1<t<T-1, Yk (5

where (14 pg) = (1+ Tk)% is the steady-state desired markup. On the other hand, in any period
t = T there are no nominal rigidities, firms’ maximize contemporaneous profits, and optimally
set Py = (1 4+ pr)Qpe,t = T. Given that the optimal price is identical for all firms within a

sector, sectoral price index can be obtained by aggregation using the ideal sectoral price index

3 An alternative would be to model price stickiness through the presence of menu costs, or more generally in the
state-dependent fashion. To the extent to which alternative formulations of price stickiness preserve the procyclicality
of the nominal wage to input price ratio, the results on network cyclicality would not change. However, obtaining
quantitative results under endogenous network formation and state-dependent pricing is likely to be computationally

infeasible.
4In subsection 3.5 I consider an extension of my model which also allows for nominal wage rigidity.
5T use such modified version of Calvo (1983) pricing for two reasons. First, the special case where T = 2 is

analytically tractable at the sector-level, as I show in Section 3. Second, given that money is neutral for all ¢ > T,
such formulation of pricing allows to develop a novel numerical algorithm for obtaining a sector-level solution for the

forward-looking problem with endogenous network formation, implemented in Section 4.



_1
Pry = (Sje@k Pkt(j)l_edj> Tk

1
1-0

[%Pé,il+(1—ak><Pm)1*9] ;o l<t<(T—1);

\%
N

(1 +Hk)th7 t

2.4 Households

A continuum of infinitely lived households populates the economy and owns all the firms. The

representative household makes choices to maximize the lifetime utility

e}
max Z 8% [log Ciis — Nivs] (7)

{Crts:News, Bevs+1} 20 )

subject to the budget constraint PFCy + [Fy ¢+1Bi+1] < By + Wi Ny + Zszl Sj Iy (j)dj + T, where

ed
Cy is aggregate consumption, Pf is consumption price index (defined belowi Ny is labor supply,
Bi1 is the payoff of assets purchased at time ¢, F} ;1 is the stochastic discount factor between
periods t and t + 1, I (j) denotes nominal profits of firm j in sector k, 3 is the discount factor for
future utility and T} are lump-sum transfers from the government.

The composite consumption index C} is an aggregator for the final consumption of goods
produced in the different sectors of my economy: C; = u(Cy, Oy, ..., Ckyt), where Cy; is in

turn an aggregator for the final consumption of goods produced by firms in that sector: Ci; =

(Sjeq)r Cht (j)eo%ldj> = ,Vk. I impose the following regularity conditions on the aggregator u:

Assumption 2 (Consumption aggregation). The consumption aggregator u is continuous, differ-
entiable, increasing, strictly quasi-concave and homogeneous of degree one in (Cit, Cay, ..., Cky), and

all sectoral consumption goods are normal.

Households choose their sectoral consumption levels by minimizing the total cost of purchases
Zszl P Cy; subject to the consumption aggregator u. The latter also delivers the consumption

price index Pf = Pf(Puy, Poy, ..., Pit), as the minimal cost of assembling such a basket.

2.5 Monetary policy

Purchases of final goods are subject to a cash-in-advance constraint, so that PFCy = M, Vt > 1.
Agents know the initial level of money supply Mg, and at ¢ = 0 anticipate it to stay at that level
forever. In period ¢ = 1 they discover the future path of money supply {M;};°; and therefore any
M; # M constitutes a monetary shock at time ¢ to the agents.

10



2.6 Market clearing and equilibrium

In addition to the optimality conditions, budget constraints and the policy rule above, equilib-
rium in my economy is characterized by market-clearing conditions in the asset market: B; =
0; the labor market: Ny = Zszl Sje@k Nii(7)dj; and the goods markets: Yy (j) = Cike(j) +
25:1 ed, Zut(3',7)dj’, Yk,Vj € ®. The equilibrium in my economy can be summarized as
follows:

Definition 1 (Equilibrium). The equilibrium is a collection of prices { Px:(j)|j € @k}kK:I, allocations
K

{th(J), Nit(5), Crt(3): A Zire (5, 515" € @1}y 15 € ‘Dk}m, supplier choices {Skt(j)|j € Pr}p_y and

wage Wy, which given the exogenous path of productivity mapping {At}ffil, the exogenous series of

money supply {M}i2, and the exogenous initial prices {Pko}le, satisfy agent optimization and

market clearing in every time period t = 1.

3 An analytically tractable version

In this section, I consider an analytically tractable version of the model obtained when nominal
rigidities are only present in the first period. Such simplification allows to formally characterize
propagation of monetary shocks to real variables, under different states of productivity and initial
levels of money supply. Formal propositions establish that small monetary shocks, which do not
affect the shape of the network, have an impact on GDP that is larger whenever productivity
mapping improves or initial money supply rises. Further, large monetary expansions have a more
than proportional positive effect on GDP than small monetary expansions; on the other hand, large
monetary contractions have less than proportional negative effect on GDP than small monetary

contractions.

3.1 Equilibrium in the simplified version

In this section, I focus on the version of my model with 7" = 2, so that nominal rigidities are only
present at ¢ = 1. I show that such simplification allows to both formally establish equilibrium
existence and uniqueness properties, as well as to analytically characterize the transmission of
monetary shocks under different baseline productivity mappings and levels of money supply. The

assumption is formally documented below:

Assumption 3 (Horizon of stickiness). The firms cannot fully flexibly adjust prices until the hori-
zon T = 2, so that nominal rigidities are only present at t = 1, and prices are fully flexible for all

t=2.
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One implication of the above assumption is that, conditional on a particular choice of suppliers,
the optimal reset price at ¢ = 1 is given by Py = (1 + pg)Qp1, Vk. The latter delivers a tractable
expression for the equilibrium sectoral price index in the first period, namely

1

0

1-0 | 1=
Py = [akpklo_e + (1 - ag) {(1 + pix) %I;H k1 [Sk1, Ax1(Sk1), Wi, {Prl}reskl]} ] (8)

fork=1,2,.... K.

At the same time, prices are flexible after the first period, so that the equilibrium sectoral price in
t > 2 is pinned down by Py = (1 + p) ming,, Qe [Skt, Akt (Skt), W, { Prt}res,, |- Moreover, notice
that the intratemporal consumption-labor supply condition and the cash-in-advance constraint
jointly imply that W; = M;, so that the nominal wage equals money supply in every period. This
exogeneity of the nominal wage, combined with the fact that the only endogenous component in the
pricing equations above is the unit cost function, jointly imply that prices in this simplified setting
are pinned down exclusively by the exogenous supply-side factors — the productivity mapping A;
and desired markups {1 + ux} szl — in addition to the the exogenous level of money supply M;.
It is the latter property which allows to represent equilibrium sectoral prices as a lattice, which in

turn delivers equilibrium existence and uniqueness properties summarized below.

Proposition 1 (Equilibrium). Suppose Assumptions 1-3 hold. Then, the equilibrium introduced
in Definition 1 entails the following properties: (a) it exists; (b) the equilibrium sectoral prices and
final sectoral consumptions are unique; (c) the equilibrium supplier choices and remaining sectoral

allocations are generically unique.

Since Assumption 3 implies that money is neutral for ¢ > 2 and given that my interest is in the
transmission of monetary shocks to real variables, in the rest of this section I am going to focus
exclusively on outcomes at ¢ = 1. For notational simplicity, I drop time subscripts for variables at
t = 1 for the remainder of this section.

The theoretical results in the remainder of this section are going to be presented in two steps.
Before establishing each key finding, I explain it in a stylized setting featuring only two sectors.

The simplified two-sector setting is summarized below.

Two-sector setting. Consider the economy with two sectors (K = 2) and nominal rigidities
only present in the first period (T = 2). For simplicity, firms are not allowed to buy inputs
from other firms in their own sector (k ¢ Sk, k = 1,2), and the production function is Cobb-
Douglas with the functional form: Yi(j) = e(k)Ax(Sk)Ni(j) 1~k Z) 4 (5)*k—*, and e(k) =

(1 — wk’_k)_(l_wkv*k)w;i’z_k. The input-output shares are calibrated such that wy _ = 0.5 if

12



—k € Sk and wi,—, = 0 otherwise, for k = 1,2. Price stickiness is calibrated such that Sector
1 is price flexible (cc; = 0) and Sector 2 features nominal rigidities (ay = 0.5). The productivity
mapping is given by ar(D) = log Ax(@) = 1,k = 1,2 and ar({—k}) = log Ax({—k}) = a,k = 1,2.
The exogenous initial prices are set at Pyy = 1,k = 1,2. Finally, assume that 7, = —1/0, so that
all market power distortions are optimally removed, and 0 — 17, which allows to obtain closed-
form expressions for equilibrium sectoral prices and quantities. In this setting, there are only four
possibilities for supplier choices (S1,S2), namely (&, 9), (2,{1}), ({2}, 9) and ({2},{1}). Letting
m = log M, one can summarize (log) unit costs (qi,q2) associated with the four possible supplier

choices as follows:

‘ Sy =0 522{1}
S =0 (m—1,m—1) (m—1,—a+m-—3)

S1=1{2} | (a+3m—3%m—-1) (—2a+ 2m,—La+5m)

Another consequence of money neutrality for all ¢ > 2 is that the only change in money supply
relevant for real variables at ¢ = 1 is that between money supply at t = 1 and its baseline level
M. For the ease of presentation of my results in this section, I introduce the following definition

of a monetary shock:

Definition 2 (Monetary shock). Let €™ = log(M/My), where M is money supply at t = 1 and

My is the baseline level of money supply, be the monetary shock in my economy.

In the next subsection, I study properties of my economy’s baseline at ¢ = 1, which occurs
under zero monetary shock (¢™ = 0). The subsequent section studies propagation of a monetary

shock €™ # 0 conditional on different baselines.

3.2 Baseline (¢ = 0)

The baseline is given by the equilibrium evaluated under €” = 0. Baseline prices, allocations and
supplier choices are pinned down by the productivity mapping A, baseline money supply Mg and
exogenous initial prices {Pko}szl- In this subsection, I am going to investigate how, holding the
initial prices fixed, changes in the baseline pair (A, Mg) affect the equilibrium.%

First, I am going to use the two-sector setting introduced earlier to build intuition on how

changes in the productivity mapping affect the baseline, ceteris paribus.

5Tn subsection 3.4 I consider baselines that differ in the levels of desired markups, parameterized by exogenous

changes in the sectoral cost taxes {7 }1_;.
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Example 1 (Productivity mapping and baseline). In Panel (a) of Figure 2 I use the two-sector
setting where, holding baseline money supply fixed at mg = 0, I consider three different productivity
mappings by varying the parameter a, which represents the productivity associated with using the
other sector as a supplier. When @ = 0, neither sector finds it optimal to buy inputs from the
other sector, and the equilibrium network is empty. As I increase @ to 0.65, the sticky-price Sector
2 finds it optimal to purchase inputs from the flexible-price Sector 1, but not vice versa. This
is because Sector 2 finds it optimal to lower its unit cost by purchasing inputs from Sector 1,
whose price flexibility is associated with lower prices. Finally, as I further increase a to 0.8, both
sectors find it optimal to connect to each other. This is because the productivity associated with
the connection is now sufficiently high to spur the flexible-price Sector 1 to purchase from Sector
2, whose price stickiness prevents it from fully lowering the price. In addition, notice that as
I increase the productivity parameter, equilibrium unit costs and hence sectoral prices drop, which
lowers the consumption price index and through the cash-in-advance constraint implies that baseline
GDP rises.

I now use the two-sector setting to build intuition on the link between initial money supply and

baseline equilibrium:

Example 2 (Money supply and baseline). In Panel (b) of Figure 2 I use the two-sector setting
where, holding productivity mapping fixed at @ = 0, I consider three different initial money supplies
by varying the parameter mg. When mqg = 0, neither sector finds it optimal to buy inputs from the
other sector, and the equilibrium network is empty. As I increase mq to 4, the flexible-price Sector 1
finds it optimal to purchase inputs from the sticky-price Sector 2, but not vice versa. This is because
the nominal wage rises one-for-one with money supply, and Sector 1 finds it cheaper to substitute
in-house labor for inputs bought from Sector 2, whose price increases less than one-for-one, even
though such connection lowers 1’s productivity. Finally, as I further increase mg to 8, both sectors
find it optimal to connect to each other. This is because the increase in money supply/nominal wage
is now so large that even the sticky-price Sector 2 wishes to substitute its in-house labor for inputs
from Sector 1, whose price now does not track money supply since it inherits price stickiness from
Sector 2, even though such connection lowers 2’s productivity. In addition, notice that as I increase
money supply, the gap between money supply and equilibrium unit costs and prices, both sectoral and
the aggregate consumption index, is growing, which through the cash-in-advance constraint implies
that baseline GDP rises.

Therefore, in my simple examples, baseline GDP and the number of suppliers of each sector
(weakly) rise, ceteris paribus, both as one improves the productivity mapping and as one increases
initial money supply. However, the mechanisms through which linkages are added are, in fact,
diagonally opposite under the two scenarios. As one improves the productivity mapping, extra
sectors that get adopted as suppliers are those that adjust their prices downwards by enough to
lower the buyer’s unit cost for the level of productivity they bring. On the contrary, as one increases

money supply, sectors that receive additional intermediate customers are those that do not adjust
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Figure 2: Equilibrium supplier choices under different baseline conditions

(a) Equilibrium choices of suppliers under different baseline productivity mappings (mgo = 0)

Recession: @ =0 Normal: @ = 0.65 FExpansion: a = 0.80
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(b) Equilibrium choices of suppliers under different baseline levels of money supply (a = 0)
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Notes: the figure uses the analytically tractable version of my model under T = 2, calibrated for K = 2,wgy = 0,Vk, Yi(j) =
e(k) Ak (Sk)Ng ()1 9k=k) Zy, g ()0 =k and e(k) = (1 — wg, )~k P a o = log Ay 0, Vk and mo = log Mo,
the production technology be given by a1,0(@) =0, a1,0({2}) = a,a2,0(@) =0, a2,0({1}) =a, Pio = P20 = 1, the sectoral
shares are given by wiz = wer = 0.5 = w21 = we1 = 0.5, and Calvo parameters by a1 = 0,2 = 0.5. Finally, assume that
e =—1/6, and 6 — 17.
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their prices upwards enough, so that they are cheaper relative to labor for the level of productivity
they bring. Having built the intuition in the two-sector setting, I now formalize the relationship
between the baseline pair (A, M), GDP and supplier choices in equilibrium. As for the effect on

GDP, no further assumptions, over and above the ones already made, are required:

Lemma 1 (Baseline GDP). Suppose Assumptions 1-3 hold. Consider any two baseline pairs
(A, M,), (A, My) such that either A > A, Mo = M, or A=A, My > M,. Then, C(A, M) >
C(Aa MO)

The overall mechanism behind the above result is as follows. Holding initial money supply
fixed, an improvement in the productivity mapping lowers each unit cost function, which in turn
lowers every sectoral price. Firms re-optimize their set of suppliers, which delivers lower new unit
costs, since the original set of suppliers remains available. The latter further lowers sectoral prices.
The mechanism repeats until a new equilibrium is reached, which features lower sectoral prices
and hence a lower consumption price index, which through the cash-in-advance constraint implies
a larger GDP. Similarly, holding productivity mapping fixed, larger initial money supply decreases
the ratios of sectoral prices to money supply due to sticky prices. Firms re-optimize their set of
suppliers, which delivers lower new unit costs, since the original set of suppliers remains available.
The latter further lowers the ratios of sectoral prices to money supply. The mechanism repeats until
a new equilibrium is reached, which features lower ratios of sectoral prices to money supply and
hence a lower ratio of consumption price index to money supply, which through the cash-in-advance
constraint implies a larger GDP.

The link between the baseline pair (A, M) and supplier choices in equilibrium can be formalized
using monotone comparative statics theorems of Milgrom and Shannon (1994). Those, however,
require imposing further regularity conditions. The first one puts a restriction on the relationship
between the unit cost function, the choice of suppliers and the productivity mapping, holding

sectoral prices and wage fixed:

Assumption 4. For all W, {Pk}le, the unit cost function Qg [Sk, Ak(Sk), W, {Pr}res,| is quasi-
submodular in (S, Ax(Sk)), for all k =1,2,.... K.

The assumption of quasi-submodularity ensures that, holding wage and prices fixed, an im-
provement in the productivity mapping does not encourage any sector to shrink its number of
suppliers. However, prices also vary across baselines, which brings in the need for a sector regu-
larity condition. The additional restriction is a single-crossing property on the unit cost function,

relating joint variations in prices, wages and the set of suppliers:
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Assumption 5. Let Q;, [Sk,.Ak(Sk), {Pr}resk] = %Qk [Sk,Ak(Sk), 1, {%}resk] k. For all Sy, <
S,; and for all {]5“]3/7}5:1 such that P, < P, Nr # k:

Qi [ 81, AK(SL) {Prhres; | — Ok [ Sk Au(S0), (Prhres | < 0
= Qk |:Sl/c7Ak(Sll<;)7 {P’r}res,;] — Ok [Sk,Ak(Sk), {ﬁ’r}resk] <0, Vk. (9)

The above single crossing property ensures that a reduction in all sectoral price to wage ra-
tios does not discourage the adoption of a larger number of suppliers by every sector. Such an
assumption immediately holds under a range of widely used production functions, most notably
Cobb-Douglas with Hicks-neutral technology.”

The additional assumptions above allow to formalize the link between the baseline pair (A, M)

and supplier choices in equilibrium:

Lemma 2 (Baseline supplier choices). Suppose Assumptions 1-5 hold. Consider any two base-
line pairs (A, M,), (A, My) such that either A = A, Mo = My or A = A, My > M,. Then,
Sk(A, Mp) 2 Sk(A, M), for all k =1,2,....K.

The intuition behind the above result is as follows. An improvement in the productivity map-
ping, ceteris paribus, incentivizes firms to connect to more suppliers, as it lowers their unit costs
directly through higher productivity and indirectly through lower prices charged by suppliers. Sim-
ilarly, an increase in initial money supply, ceteris paribus, leads to a reduction in sectoral price to
wage ratios, implying that it is cost-reducing to substitute in-house labor for intermediates bought

from other sectors, thus leading to an increase in the number of suppliers.

3.3 Propagation of a monetary shock

Having established properties of the baseline, I now consider deviations from the baseline, driven
by a non-zero monetary shock €™. The mechanics of a monetary shock in terms of its effect on the
equilibrium allocations and supplier choices are isomorphic to those for changes in baseline money
supply established in the previous subsection. I can therefore immediately formalize comparative

statics following a monetary shock.

Lemma 3 (Comparative statics following a monetary shock). Consider a baseline pair (A, My),
which is perturbed by a monetary shock €™ > 0. Suppose Assumptions 1-8 hold, then following
the monetary shock equilibrium GDP rises relative to its baseline level: C(A, M) > C(A, My).

"This is formally shown in Acemoglu and Azar (2020). See their work for a fuller characterization of families of

production functions under which the single-crossing property in Assumption 5 holds.
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Further, suppose that in addition Assumption 4-5 also hold, then following the monetary shock the
set of suppliers for each sector weakly expands: Si(A, M) 2 Sp(A, My), for allk =1,2,.... K.

Note that although the above lemma is stated for an expansionary monetary shock €™ > 0, it
naturally extends to a contractionary shock €™ < 0, which leads to a reduction in GDP and a weak
fall in the number of supplier for every sector.

From Lemma 3 it follows that a non-zero monetary shock can either change the set of suppliers
relative to the baseline, or leave them unchanged. In light of this it is useful to formally distinguish

between two such types of monetary shocks, as is done below.

Definition 3 (Small monetary shock). Define a monetary shock €™ to be small with respect to the
baseline (A, M) if and only if it leaves the equilibrium supplier choices unchanged for all sectors
relative to the baseline: Si(A, M) = Sk(A, My), Vk. Otherwise, define the monetary shock to be
large with respect to the baseline (A, My).

Crucially, the above definition helps classify every monetary shock as either small or large with
respect to a specific baseline pair (A, My). In principle, as one changes the baseline pair, a shock
of a given size can switch from being small to large, or vice versa. Moreover, the definition is not
necessarily symmetric: for a given baseline, an expansionary shock €” > 0 being small does not
necessarily imply that a contractionary shock of an equal absolute value is small with respect to

the same baseline.

3.3.1 Small monetary shocks

In this section, I study how responses of prices and allocations to a small monetary shock depend
on the baseline productivity mapping and initial money supply. As before, I begin by building
intuition in the simplified two-sector setting before establishing general results.

First, I use the two-sector setting to consider the same small monetary expansion occurring

under different baseline productivity mappings.

Example 3 (Small monetary shocks across productivity mappings). Consider the two-sector setting
with the assumption that consumption aggregation is Cobb-Douglas: C = C7'C§* we, = 0.5,k =
1,2. Panel (a) of Figure 8 considers three baselines associated with different productivity mappings,
as in BExample 1. I perturb each of the baselines with the same small monetary expansion, which,
by definition, does not change the equilibrium network. As one can see, in the low productivity
baseline with the empty network, only the sticky-price Sector 2 responds to the shock; in the medium-
productivity baseline the situation is unchanged, as Sector 1 does not buy inputs from Sector 2, and
hence inherits no stickiness. However, in high-productivity state, where both sectors buy from each
other, both sectors see their final consumption rise. We can see that the magnitude of both sectoral
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and aggregate final consumption’s response to a monetary shock is weakly larger in the baselines

with higher productivity.

Similarly, I use the two-sector setting to consider the same small monetary expansion occurring
under different levels of initial money supply.
Example 4 (Small monetary shocks across initial money supplies). Consider the two-sector setting
with the assumption that consumption aggregation is Cobb-Douglas: C' = CYC5* we, = 0.5,k =
1,2. Panel (b) of Figure 3 considers three baselines with different levels of initial money supply, as
in Example 2. I perturb each of the baselines with the same small monetary expansion, which, by
definition, does not change the equilibrium metwork. One can see that in the tight money baseline
only the sticky-price Sector 2 responds to the shock; in the normal money baseline flexible-price
Sector 1 buys from Sector 2 and inherits stickiness, hence responding to the shock. Finally, in
the loose money baseline both sectors buy from each other and respond by even more than in the
normal money state. Owverall, one can see that both sectoral and aggregate consumption respond
weakly stronger under the baselines with higher initial money supply.

One can see that in the examples above, following a small monetary shock of the same size,
consumption responds more strongly in states that feature more linkages across sectors. This is
because whenever a sector increases the number of suppliers, its marginal cost becomes function
of a larger number of other sectoral prices, which in turn strengthens complementarities in price
setting and the degree of money non-neutrality.

The above mechanism can be formalized by noticing that the existence of a small monetary
shock around a specific baseline implies that there is a neighborhood within which variations in
money supply do not affect the equilibrium set of supplier choices. The latter in turn means that
such a neighborhood features no discontinuities created by formation or destruction of linkages, and
one can appeal to local properties around the baseline. In order to establish analytically tractable
local properties, I make several further assumptions. First, a vital required additional assumption

is differentiability of the production function in labor and intermediate inputs:
Assumption 6. The production function Fy, is differentiable in (th(j), {Zk'ft(j)}reskt> ,VEk.

The second additional assumption concerns the initial sectoral prices, which have so far been

assumed to be completely exogenous:

Assumption 7 (Initial sectoral prices). For every sector k = 1,2, ..., K, the initial sectoral price is

given by Pro = (1+ p1g)g(Mo) Qr[ Sk, Ar(Sk), Mo, { P (A, Mo) }res, |, where (A, Mo) is the baseline

pair, pp = (1 + Tk)eiil and g : R™ — (0,1) and strictly decreasing on the whole domain.

The above assumption states that for every sector the initial price is set at a fixed markup over

the baseline (steady-state) unit cost, with the markup falling in the initial money supply. In this
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Figure 3: Final aggregate consumption following a small monetary expansion

(a) IRFs of consumption to a small monetary expansion under recession and expansion (mg = 0)
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(b) IRFs of consumption to a small monetary expansion under tight and loose initial money (a = 0)

Tight money: mg = 0 Normal money: mgy = 4 Loose money: mg = 8
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Notes: the figure uses the analytically tractable version of my model under T = 2, calibrated for K = 2,wgr = 0,Vk, Yi(j) =
e(k) Ak (Sk)Ng ()1 9k=k) Zy, g (5)%% % and e(k) = (1 — wg, )"0k P57 ag o = log Ay 0, Yk and mo = log Mo,
the production technology be given by a1,0(@) =0, a1,0({2}) = a,a2,0(@) =0, a2,0({1}) =a, Pio = P2o = 1, the sectoral
shares are given by wiz = wer = 0.5 = w21 = we1 = 0.5, and Calvo parameters by a1 = 0,2 = 0.5. Finally, assume that
T, = —1/0, and 6 — 17
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way, I tractably capture the idea that whenever the initial money supply is high, a monetary shock
is occurring in an environment with low markups, representing the interaction of price stickiness
with past loose money supply.® Crucially, baseline comparative statics properties established in
Lemmas 1 and 2 continue to hold under this additional assumption about initial prices.

Armed with the two additional assumptions, I can now begin to formalize the differences in
responses to a small monetary shock that arrives under different baselines. As a first step, the

lemma below documents baseline-specific local responses of sectoral prices to a monetary shock:

Lemma 4. Suppose Assumptions 1-3 and 6-7 hold. For any baseline pair (A, My), let pi(A, Mo)
be a first order approximation of log Py(A, M) around log Py(A, My), given Sk = Sx(A, My), VEk.
Consider any two baseline pairs (A, M,), (A, Mo) and a monetary shock €™ which is small with

respect to both baselines, then:

p(A, Mo) = P(A Mg) = — [L(A, Mo) — L(A, M,)] €™ (10)
where p = [p1,p2, -, pr |, E™ = [e™,e™,...,e™]" and L is a Leontief inverse given by:
LA, Mo) = [T = (I = AT(Mo)Q(A, Mo)] ™[I = (I — AT (My)] (11)

and

where A = diag(on, ...,ak), T'(Mo) = diag(11(Mo), ..., 7k (Mo)), 1 =

0log Qp | Sk Ak (Sk), W APyt } i1 e
[Q(.A,MO)]kr = k[ - ;IO;PT ks Sk]’M=Moavk,7’.

1
ak(g(Mo))' = +1—ay

The above result details channels through which changes in the baseline affect local properties
of price responses to a monetary shock. Baselines with either a better productivity mapping or
a higher money supply, ceteris paribus, feature more suppliers for each sector and hence more
non-zero elements in the Q(A, My) matrix, whose entries denote cross-elasticities of a sector’s unit
cost to sectoral prices. The latter affects price responses through two margins. At the extensive
margin, having more suppliers strengthens complementarities in price setting and unambiguously
delivers smaller increases in sectoral prices following a small monetary expansion. At the intensive
margin, however, the effect of a change in the baseline on the unit cost elasticity to prices of already
existing suppliers is ambiguous. Therefore, the effect of a change in baseline on the responses of
sectoral prices to small monetary shock depends on the relative quantitative importance of the
three channels described above.

However, a sufficient condition exists under which the ambiguity described above is resolved.

In particular, it occurs in the special case when the intensive margin adjustment described above

8With this additional assumption on initial prices, the baseline sectoral markups are given by (1 +
i) [eng(Mo)) =% + (1 — cwg)]l%e,Vk7 which fall in Mp. Crucially, I do not make this assumption in the fully

dynamic forward-looking setting considered in Section 4.
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is absent. The latter happens when, conditional on a supplier relationship existing, the elasticity
of a sector’s unit cost to that supplier’s price is fixed across baselines, which is the case under

Cobb-Douglas production function with Hicks-neutral technology:

Assumption 8. For every sector k = 1,2,..., K the production function is Cobb-Douglas with
Hicks-neutral technology: Yii(j) = Akt(skt)th(j)l_Zreskt Whr [Les,, Zert(3)“,  wpr =0,

K
27:1 wer < 1.

Adding the above assumption ensures that under a baseline with either a better productivity
mapping or a higher money supply, the same small monetary expansion delivers smaller increases

in all sectoral prices, as is formalized below:

Proposition 2. Suppose Assumptions 2-5 and 7-8 hold. Consider any two baseline pairs (A, M),
(A, M) such that either A > A, My = My or A = A, My > M,. For a monetary shock
€™ > 0 that is small with respect to both baselines, it follows that py(A, Mo) < pr(A, M) for all
k=12, .. K.

Importantly, though the above proposition is formulated for a small monetary expansion €™ > 0,
it trivially extends to a small monetary contraction €™ < 0. In particular, it would follow that
under a baseline with either a better productivity mapping or a higher money supply, the same
small monetary contraction delivers smaller decreases in all sectoral prices.

I now use properties of price responses established above to study how changes in the baseline
affect consumption responses to small monetary shocks. From the cash-in-advance constraint, it fol-
lows that the change in aggregate consumption can be written as [log C'(A, M) —log C(A, My)] =
g™ — [log P¢(A, M) — log P¢(A, My)]. It follows that local properties of GDP around the baseline
can be inferred from local properties of the consumption price index. For a monetary shock ™ that
is small with respect to a baseline pair (A, My) one can write the following local approximation:

K
dlog P*(A,M
log P°(A, M) — log P*(A, Mo) ~ ) Ogé’lOf(% By, ”

k=1

[log Py(A, M) —log Pp(A, Mp)].  (12)

From Proposition 2 we know local properties of (log-)deviations of sectoral prices as one varies
the baseline. However, the variation in elasticities of the consumption price index with respect
to sectoral prices as one varies the baseline is ambiguous. In this sense, the local properties of
aggregate consumption/GDP around different baselines remain on relative quantitative properties
of movements in sectoral prices and the elasticities that are used to aggregate them.

However, a sufficient condition exists under which the ambiguity described above is resolved.

In particular, it occurs in the special case when the elasticities of the consumption price index with
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respect to sectoral prices remain fixed across all baselines. The latter occurs when the consumption

aggregator takes the Cobb-Douglas form, as is detailed below:

Assumption 9. The consumption aggregator u is Cobb-Douglas: Cy = ]_[ff:l Crek, wep =0,

Zszl wer = 1.

With the additional assumption above, I can now formalize non-linear transmission of a small
monetary shock to both sectoral and aggregate consumption, the latter being equivalent to GDP
in my economy. First, whenever a small monetary expansion arrives under a baseline with a better

productivity mapping, it triggers a consumption increase of a larger magnitude:

Theorem 1 (Cycle dependence). Suppose Assumptions 3-5 and 7-9 hold. For any baseline pair
(A, My), let cx(A, Mp) = log Cr(A, M) — log Cr(A, My),Vk. Consider any two baseline pairs
(A, M), (A, My) such that A > A. For a monetary shock €™ > 0 which is small with respect
to both baselines it follows that ci(A, Mg) = ci(A, Mg) for all k = 1,2,...., K, and c(A, My) =
c(A, Mo).

Three points should be noted. First, although the theorem is stated for small monetary expan-
sions, it trivially extends to small monetary contractions. In particular, it follows that if a small
monetary contraction arrives in a state with, ceteris paribus, higher productivity, the resulting fall
in GDP is (weakly) smaller. Second, the additional assumption of Cobb-Douglas consumption ag-
gregation implies cycle dependence not only at the level of aggregate GDP, but also at the level of
final consumptions of individual sectors. Third, my cycle dependence result provides a theoretical
rationale for empirical finds of procyclical magnitude of impulse response of GDP to monetary
shocks (Tenreyro and Thwaites, 2016, Alpanda et al., 2021, Jorda et al., 2020).

In a similar way, I can formalize that whenever a small monetary expansion arrives under a

baseline with higher money supply, it triggers a consumption increase of a larger magnitude:

Theorem 2 (Path dependence). Suppose Assumptions 3-5 and 7-9 hold. For any baseline pair
(A, My), let cx(A, Mp) = log Cr(A, M) — log Cr(A, My),Vk. Consider any two baseline pairs
(A, M), (A, My) such that Mo = M,. For a monetary shock €™ > 0 which is small with respect
to both baselines it follows that ci(A, My) = cr(A, M) for all k = 1,2,..., K, and c(A, M) =
c(A,M,).

As before, the theorem trivially extends to small monetary contractions: if a small monetary
contraction arrives in a state with, ceteris paribus, lower money supply, the resulting fall in GDP is
(weakly) smaller. My path dependence result provides a theoretical rationale for empirical finds of

monetary transmission to GDP being stronger under already loose monetary stance (Alpanda et al.,
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Figure 4: Aggregate consumption response to large monetary shocks (two sectors)

(a) Large monetary expansions (b) Large monetary contractions
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T = —1/0, and 0 — 1. Throughout exercises ag = 0.

2021) and additional evidence that finds that GDP is more sensitive to monetary interventions in
states of the world with already loose credit (Jorda et al., 2020).

The intuition behind both theorems is very similar. Baselines with a better productivity map-
ping or higher initial money supply, ceteris paribus, feature more suppliers for every sector in
equilibrium. The latter strengthens complementarities in price setting, and hence deliver more

money non-neutrality and consumption response of a larger magnitude.

3.3.2 Large monetary shocks

I now move to studying properties of large monetary shocks which, by definition, are able to change
the equilibrium set of suppliers relative to the baseline. As before, I begin with building intuition
using the two-sector setting before establishing formal results.

First, I consider larger monetary expansions in the two-sector setting:

Example 5 (Large monetary expansions). Panel (a) of Figure 4 considers large monetary shocks
in the context of the two-sector setting with an additional assumption on consumption aggregation:
C = CY'C5?, we, = 0.5,k = 1,2. Starting with an initial state with @ = mo = 0, I subject my
economy to progressively larger monetary shocks. One can see that shocks smaller than €™ = 3
keep the initially empty network unchanged, and the changes in the aggregate consumption impulse
response are exactly proportional to the size of the shock. However, as I consider larger expansions,
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they turn out to be large enough to expand the network by encouraging the flexible-price Sector 1 to
buy from the sticky-price Sector 2, also increasing the slope of the relationship between the monetary

shock size and consumption response.

Similarly, I use the two-sector setting to study large monetary contractions:

Example 6 (Large monetary contractions). Panel (b) of Figure 4 considers large monetary contrac-
tions in the context of the same two-sector setting with an additional assumption on consumption
aggregation: C = CY'Cy* we, = 0.5,k = 1,2 I start from a baseline with @ = 0 and moy = 8.
Initial reductions in money supply leave the baseline full network unchanged and the magnitude of
aggregate consumption contraction is exactly proportional to the size of the monetary shock. How-
ever, larger contractions break the network, in this case by discouraging Sector 2 from buying from
Sector 1, and lower the slope of the relationship between the monetary shock size and consumption

response.

One can see that in Example 5 above, large monetary expansions deliver an increase in GDP
that is larger than the one that would occur under fixed networks. In this sense, large monetary
expansions deliver more than proportional increases in GDP by expanding the set of suppliers in
each sector. On the other hand, in Example 6 above, large monetary contraction deliver reductions
in GDP that are smaller in magnitude that those under exogenous networks. Therefore, large
monetary contractions break supplier relationships and in this way deliver less than proportional
decreases in GDP, relative to the outcome under exogenous networks.

In order to formalize the above intuition, I introduce several new concepts. First, I let the
exact impulse response of a sectoral price to monetary shock €™ be given by the following expres-
sion: Pyp(e™) = Pp(A, M)/Py(A, Mo), Vk. Second, in order to facilitate comparison with a setting
where supplier choices are exogenous, I let Pg(e™; S) = Pi(A, M; S)/Py(A, Mq; S), Yk denote ex-
act impulse responses of sectoral prices to monetary shock € in a version of my economy with an
exogenous production network S. I am now ready to state a proposition which establishes bounds

on how the exact impulse responses of sectoral prices grow with the size of the monetary shock:

Proposition 3. Suppose Assumption 1-8 and 6 hold. For a baseline pair (A, My), and the baseline
equilibrium network SO, let €™ > 0 be a small monetary shock and E™ > 0 be a large monetary
shock. Further, let ST be the equilibrium network following the large monetary shock. The ratios
of exact impulse responses of sectoral prices satisfy:

PL(E™ ) _ P(E™) _ P(E™;S°)

Pe(em; SE)  By(em) | Pe(em;S0) (13)

forallk =1,2,..., K, where Pk() 1s the exact impulse response under endogenous networks, whereas

155(, S) is the exact impulse response under the exogenous network S.
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Intuitively, as one moves from a small monetary expansion to a large monetary expansion, the
rate at which the exact responses of sectoral prices increase is smaller than what would occur if
the network stayed fixed at its baseline level. This is because the opportunity to endogenously
select the supplier sectors creates an extra margin along which units costs, and hence prices, can
be minimized. This implies that prices increase at most as quickly as under the network fixed
at its baseline level. At the same time, this drag on price increases is bounded from below by
what would occur if the network was fixed at the level delivered by the large monetary expansion.
Crucially, although the above proposition is stated for monetary expansions it trivially extends to
monetary contractions by reversing the signs of inequalities. In particular, as one moves from a
small monetary contraction to a large monetary contraction, the rate at which the exact magnitudes
of prices drops change is larger than what would occur if the network stayed fixed at its baseline
level. Once again, this is because the opportunity to optimally select the suppliers creates an extra
margin along which unit costs and prices are minimized.

Since the above proposition applies to all sectoral prices, it implies corresponding properties
for the aggregate consumption price index. The latter combined with the cash-in-advance in turn

delivers properties of aggregate consumption, which also represents GDP in my model:

Theorem 3 (Size dependence). Suppose Assumption 1-3 and 6 hold. For a baseline pair (A, M),
and the baseline equilibrium network SO, let €™ > 0 be a small monetary shock and E™ > 0 be
a large monetary shock. Further, let ST be the equilibrium network following the large monetary
shock. The ratios of exact impulse responses of GDP satisfy:
Ce(B™;S°) _ C(E™) _ Co(B™;ST)
Ce(em; §9) - Cem) - Ce(em st

(14)

where C(.) is the exact impulse response under endogenous networks, whereas C¢(.; S) is the exact

impulse response under the exogenous network S.

The theorem above formally establishes size-dependence in the response of GDP to monetary
shocks in my model. In particular, as one moves from a small monetary expansion to a large
monetary expansion, the rate at which the exact impulse response of GDP rises is larger than what
would occur if the set of suppliers was fixed at the baseline level. This is due to the fact that,
relative to the world where networks are fixed at the baseline level, the opportunity to optimally
select suppliers puts a drag on how quickly prices increase following monetary expansions. At the
same time, the above theorem also implies that following a small monetary contraction the rate at
which the magnitude of exact impulse response of GDP changes is smaller than what would occur

if the set of suppliers was fixed at the baseline level.
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3.4 Discussion: business cycles driven by exogenous markup shocks

I so far consider baselines that vary in their productivity mappings A and initial levels of money
supply My. That said, my model also permits that baselines differ in the levels of exogenous desired
markups {1+ px} |, which I discuss in this section. In particular, given that 1+ = (1 + Tk)%,
shifts in the sectoral tax rates {Tk}szl represent exogenous changes in baseline desired sectoral
markups.

In terms of the effect on real GDP and supplier choices, exogenous decreases in baseline markups
are isomorphic to exogenous improvements in the productivity mapping. In particular, ceteris
paribus, an exogenous decrease in each sectoral desired markup lowers each sectoral price. Firms re-
optimize their set of suppliers, which delivers lower new unit costs, since the original set of suppliers
remains available. The latter further lowers sectoral prices. The mechanism repeats until a new
equilibrium is reached, which features lower sectoral prices and hence a lower consumption price
index, which implies a larger GDP. As for the effect on equilibrium supplier choices, an exogenous
decrease in each sectoral desired markup incentivizes firms to connect to more suppliers, as lower
desired markups decrease the prices charged by potential suppliers, while leaving the nominal wage
unchanged. Online Appendix B.1 formally establishes the above results for exogenous changes in

sectoral desired markups.

3.5 Discussion: nominal wage rigidity

The key results of the analysis so far are established in a setting where price setting is subject to
nominal rigidities, while the nominal wage is fully flexible. However, my framework can be easily
extended to allow for nominal rigidities in both price and wage setting, while leaving the key results
qualitatively unchanged.

In particular, consider a version of my model with K + 1 sectors, where the additional sector
is populated by firms which act as labor unions.” More specifically, they buy labor directly from
households at rate W, and sell those labor services to firms in the remaining K sectors of the
economy. Moreover, labor union firms do not use any inputs other than labor and do not sell any
output to households. Nominal rigidities in the price setting of firms in the labor union sector
are then isomorphic to aggregate nominal wage rigidity. In particular, suppose each labor union

firm faces an exogenous probability of price adjustment (1 — ay,) € (0,1). Then under T = 2, the

1
price index of the labor union sector at ¢ = 1 is given by P, = [auPiae + (1 — au)Wlfa] =% 10

9Such approach to introducing nominal wage rigidity has been used in multi-sector models with exogenous pro-

duction networks, notably Rubbo (2023).
197 normalize the sectoral productivity of all firms in the union sector to one in all periods: A, ¢ = 1,Vt. Further,
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The combination of the cash-in-advance constraint and the consumption-labor supply condition
still implies that W = M, meaning that the price index of the labor union sector is pinned down
exclusively by the exogenous money supply M. However, an exogenous increase/decrease in M
implies an increase/decrease in P, that is less than one-for-one, implying a degree of nominal
rigidity in the cost of purchasing labor services.

Firms in the remaining K sectors of the economy cannot purchase labor directly from house-
holds, instead buying it from the labor union sector. Then the unit cost function for any firm in a
non-union sector k is given by Qg [Skt, Akt (Skt), Put, { Prt}res,, ], and the optimal choice of supplier
sectors Sy; reduces to deciding whether to use more labor at the price P, or instead buy from
a non-union sector r at P,.;. Then, the comparative statics following changes in the productivity
mapping, exogenous desired markups and money supply are qualitatively unchanged relative to the
results under flexible wages. In particular, either an improvement in the productivity mapping or a
fall in desired markups of non-union sectors leaves the nominal price of labor P, unchanged, while
lowering the prices of the non-union sectors. The latter leads to a larger real GDP and encourages
the adoption of more suppliers, as they are cheaper relative to labor, just as in the flexible-wage
case. An increase in money supply delivers a less than one-for-one increase in the nominal price of
labor P,, and (weakly) an even smaller increase in the prices of the non-union sectors. Intuitively,
any nominal rigidities in the price of labor become part of the unit cost function, and any nominal
rigidities in price setting emerge over and above the rigidity in the unit cost function. Put simply,
wage stickiness make sectoral prices even stickier in terms of the magnitude of response to the
monetary expansion. As a result, prices in the non-union sectors rise by less than the nominal
price of labor, which in turn rises by less than the money supply. The latter implies an increase
in real GDP, as well as an expanded set of suppliers, as they are now cheaper relative to labor.
Online Appendix B.2 formally establishes the qualitative equivalence of the cases with and without

nominal wage rigidity.'!

4 A quantitative dynamic version

After establishing the key properties of my model in a simplified static version, I now quantify

the effects in a forward-looking setting calibrated to 389 sectors of the US economy. I develop a

I assume that the tax rate in the union sector is set to exactly offset any distortions coming from market power:
1+ Tu)% = 1. Those assumptions are without loss of generality, the comparative statics of real GDP and supplier
choices remain qualitatively unchanged when those assumptions are relaxed.

" The equivalence is trivial for changes in the productivity mapping or changes in the desired markups of non-

union sectors, since those do not affect the price of labor P,. Online Appendix B.2 therefore only considers changes

in money supply under nominal wage rigidity.
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novel numerical algorithm for solving a dynamic version of my multi-sector model with sticky prices
and endogenous network formation, and use it to determine how changes in baseline productivity
and money supply affect equilibrium supplier choices, and how the latter creates non-linearities in

transmission of monetary shocks.

4.1 Forward-looking setting

I now quantify the effects established analytically in the previous section using a dynamic forward-
looking version of the model. In particular, in this section I do not make the simplifying assumptions
needed to obtain closed-form results, and solve the model numerically. Numerical simulations still
require functional form assumptions and I therefore maintain the assumption of Cobb-Douglas
production function and Cobb-Douglas consumption aggregation. Moreover, I need to specify the
functional form of the productivity mapping, where I augment the mapping of Acemoglu and Azar

(2020) with an aggregate productivity term:

Assumption 10 (Productivity mapping). For every sectork = 1,2, ..., K the productivity mapping
Akt (Skt) takes the following form:

At (Skt) = Z1e(Ske)Bo [ | Bir, (15)

T’GSkt
where e(Skt) is a term given by e(Skt) = (1-2,cg,, wkr)_(l_ZTESkt wir) [Tres,, Wi ¥s 24 is aggregate
productivity which follows an AR(1) process in logs: log Z; = p,log Z,—1 + (;, and By, { Bk, }kr are

parameters.

Two points should be noted regarding the productivity mapping above. First, it delivers an

-1 Wkr
equilibrium unit cost function given by Qp = [ZtBo [l i Bkr] Will,e Sy <ﬁ;tt) , or, writing

in logs, —2z; — by + w; + 2« Sp [wir (Pre — wi) — bir]. The latter implies a tractable rule for whether

or not it is optimal to buy inputs from a particular supplier. Namely, given the levels of sectoral
prices and the nominal wage, sector k should only buy inputs from sector r if wg, (pre — wi) < by
Second, the entire path of aggregate productivity is known to the agents, so that they are aware of
Zp and {(:}°, at t = 0.12

I also need to specify the functional form for the money supply process, which I assume to

follow an AR(1) process in log-differences:

Assumption 11 (Money supply). For a given initial money supply My, the money supply int > 1
takes the following form: Alog My = ppmAlog My_1 + &}, pm € (0, 1).

2Note that it is trivial to extend the productivity mapping to allow for sector-specific productivity shocks, or

even productivity shocks specific to a particular buyer-supplier sectoral pair.
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The agents are aware of Mg at ¢ = 0 and at the beginning of ¢t = 1 discover the entire future
path of monetary shocks {e}"};2;, facing no uncertainty beyond that point.

My modified, finite-horizon version of Calvo (1983) pricing, combined with the simple rule for
inclusion of suppliers described above, allows to use backward induction to solve my model at the
sector-level. Most, specifically, I am interested in solving for equilibrium for periods ¢ < T', which
feature nominal rigidities and hence real variables responding to monetary shocks. For ¢ > T, the
problem is static from firms’ pricing perspective, and money is neutral, which can therefore be used
as a terminal condition in the backward induction algorithm. Here I outline my method, which

numerically solves for sectoral prices, supplier choices and allocations:

Algorithm 1 (Model with sticky prices and endogenous production networks). Start from a guess
for sectoral prices, supplier choices and allocations; let X, , X; and X,;* be, respectively, the full set
of past, present and future prices, supplier choices and allocations at time t for any 1 <t <T — 1.
Let {{P,?t}szl}tT:zl be sectoral prices from the initial guess. Taking as given exogenous paths for

money supply and the productivity mapping, follow the steps below, starting fromt =T — 1

(i) Taking as given sectoral supplier choices, as well as past and future variables X, , X, solve

for prices {Pkt}le;

(ii) Given prices { P} |, update supplier choices according to the following rule: sector k should

only buy inputs from sector r if wi,(pre —my) < by, where pyy = log Py and my = log My;
(iii) Taking as given X, X", {Pu}i | and {Sk}E_|, update X;;
(iv) Repeat (i)-(iii) until convergence within the time period;

(v) If t > 1, decrease t by one and go back to (i). Otherwise, compare {{PA} Y70 with
{{Pkt}lf:l}?:_ll; if they are equal, stop the algorithm; if they are not equal, set P,gt = Py, Vk, 1<
t<T—1, sett=T-—1 and return to (i).

Figure 5 provides a graphical summary of the novel numerical algorithm. Notice that step (i)
involves solving for sectoral prices and allocations, taking the production network as given. This
allows to approximate the solution in step (i) by considering a log-linear approximation around
the deterministic steady state, holding the choice of suppliers fixed. The supplier choices are then
computed in step (ii) using those approximate solutions for sectoral prices. This decoupling of
the ”smooth” optimal pricing problem and the "non-smooth” supplier choice problem allows to
substantially speed up the algorithm, while preserving the non-linearity coming from the extensive

margin of production network formation.
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Figure 5: The numerical algorithm: a graphical representation
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Notes: the figure provides a graphical representation of the numerical approach used to solve the dynamic forward-looking

version of my model with sticky prices and endogenous production networks, formally introduced in Algorithm 1.

4.2 Calibration

I calibrate my model for the United States an annual frequencies. Calibration of aggregate param-
eters is standard. I set 8 = 0.99 to target annualized real interest rate of 1% in steady state. The
within-sector elasticity of substitution is set at § = 6. The persistence parameters of productivity
and money supply growth are set at p, = 0.86 and p,, = 0.80, respectively. As for the threshold
beyond which there are no nominal rigidities, I choose T' = 50, so that after fifty years all firms can
adjust their prices with certainty. Finally, I normalize Zy = 1.

As for sector-specific parameters, those are selected for the US Bureau of Economic Analysis
(BEA) Detail level of disaggregation featuring K = 389 sectors. Sector-specific Calvo parameters
{ak}éil are set as one minus the sector-specific frequency of price adjustment from Pasten et al.
(2020). The long-run markups in my economies are given by {(1 + Tk)%}le and sectoral tax
rates {7;}2 | are chosen to match the estimated sectoral markups from De Loecker et al. (2020).
The observed input-output shares {wy, }x, are calibrated using the 2007 BEA Input-Output table,

whereas input-output shares for linkages not observed in the data are imputed following Acemoglu
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and Azar (2020) by setting each unobserved share equal to 0.95 of the cost share of labor of the
buying sector divided by the number of potential additional suppliers for that sector. Finally, By and
{ By} are estimated to ensure the steady-state equilibrium of my economy under M; = Z;, = 1,Vt

simultaneously matches observed input-output linkages and real GDP in 2007.

4.3 Simulation results
4.3.1 Baseline economies

Variations in the baseline of my economy are driven by changes in the initial money supply Mg and
changes in the sequence {(;};°;, which pins down the path of aggregate productivity. I consider
two sets of variations in the baseline. First, I hold My = 1 and & = 0,V > 2, and consider
values of ¢; = {—3%, —2%,—1%,0,1%,2%,3%}. In this way, I look at baselines with both low
and high productivity paths, all of which eventually converge to the initial value of Zy = 1;
the case of (1 = 0 where aggregate productivity remains fixed at the initial value is set as a
benchmark against which the other baselines are compared. Second, I hold {; = 0,Vt > 1 and
consider different values of M. In particular, I assume that in the unmodelled past before t = 0
money supply starts from M_,, = 1 and follows the process in Assumption 11, experiencing a
one-time never repeating shock €, , eventually converging to the value of My. I consider values
of em, = {—6%, —4%, —2%,0,2%, 4%, 6%}, where the case of €™, = 0 is treated as a benchmark
against which all the other baselines are compared.

Panels (a) and (b) of Figure 6 consider baselines with different aggregate productivity paths and
their associated paths of average number of suppliers and average intermediates intensity, which
measures the average share of total costs that goes to suppliers. Relative to the fixed-productivity
baseline (¢; = 0), letting ¢ = 1% is associated with a long-lived increase in the average number
of suppliers by around 15 per sector, which translates into an increase in average intermediates
intensity by around 0.04. Similarly, setting ¢; = 3%, which delivers a baseline with an even better
aggregate productivity, increases the average number of suppliers per sector by around 27, or an
approximately 0.06 increase in average intermediates intensity. Importantly, the results suggest
that the effect of changing the baseline productivity path is not symmetric, which is a quantitative
result specific to the parameters of the productivity mapping { By, }r, | have estimated. Specifically,
a low-productivity baseline with (; = —1% decreases the number of suppliers only by approximately
2 per sector, or a small decrease of 0.002 in average intermediates intensity. Under an even worse
productivity baseline with (; = —3%, the average number of suppliers falls by around 8 per sector,
equivalent to a 0.01 reduction in average intermediates intensity.

As for results under baselines with different initial levels of money supply, those are reported in
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Figure 6: Numbers of suppliers and intermediates intensities across baselines

(a) Average number of suppliers (b) Average intermediates intensity
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Notes: Panels (a) and (b) show the average number of suppliers and average intermediates intensities across baselines where
Mo =1 and {; = 0,VYt = 2, and consider values of (1 = {—3%, —2%, —1%, 1%, 2%, 3%}, relative to (1 = 0; Panels (c) and (d)
show the average number of suppliers and average intermediates intensities across baselines where (¢ = 0,Vt = 1 and values of
em = {—6%, —4%, —2%, 2%, 4%, 6%}, relative to the case where €™ = 0.

Panels (c) and (d) of Figure 6. Relative the benchmark case (¢, = 0, My = 1), a looser money
supply baseline under ™, = 2% features an initial rise in the average number of suppliers by
around 16, or an increase in the average intermediates intensity by around 0.045. A baseline with
an even looser initial money supply (e™,, = 6%) is associated with an initial increase in the average
number of suppliers by around 28, equivalent to a 0.06 increase in average intermediates intensity.
Just like with variations in baseline aggregate productivity, the effect of variations in initial money
supply is not symmetric. In particular, a baseline with tighter money supply (¢, = —2%) has an
initial drop in the average number of suppliers by 5, or a 0.005 reduction in average intermediates
intensity. An even tighter initial money supply (¢™,, = —6%) features a drop of 15 in the average

number of suppliers, or a 0.012 reduction in the average intermediates intensity.
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Note that the paths of the number of suppliers and intermediates intensity are generally very
persistent. In the case of baselines with different levels of aggregate productivity, this persistence
has two sources. First, there is the exogenous persistence, coming from the autoregressive process
assumed for aggregate productivity, with the AR(1) parameter p, set equal to 0.86. Second,
there is the endogenous persistence coming from price stickiness: since changes in the price level
are staggered, so are the optimal choices of supplier sectors. In order to separately assess the
degree of endogenous persistence in production network dynamics, Online Appendix C reports the
dynamics of average number of suppliers and intermediate intensities when productivity changes
across baselines are purely transitory, i.e. p, = 0. One can see that the amount of persistence
in this case remains substantial, with purely transitory shifts in productivity generating changes
in network configurations that last for years. This highlights that price stickiness simultaneously
plays two roles in my model: it generates monetary non-neutrality and it produces endogenous
persistence in optimal supplier choices at the extensive margin, despite the fact that dropping and

adopting new suppliers is costless.

4.3.2 Small monetary shocks

I now perturb each of the baselines considered in the previous subsection with the same monetary
shock, which is small in the sense that it leaves the equilibrium set of suppliers unchanged relative
to the baseline in every period. The aim is to study how variations in the baseline affect the
magnitude of monetary transmission to GDP.

Figure 7(a) shows IRFs of GDP to the same small monetary expansionary shock under baselines
with low (¢1 = —3%) and high ({3 = 3%) aggregate productivity. One can see that under high
productivity the response of GDP is persistently higher across horizons, despite the fact that the
size of the shock is the same across the two baselines. This is because, as seen in Figure 6(a),
under the high productivity baseline the average number of suppliers is higher, which strengthens
complementarities in price setting and amplifies monetary non-neutrality. Moreover, Figure 6(a)
also shows that under the high productivity baseline the increase in the average number of suppliers
is persistent, which is what creates persistently higher non-neutrality of money, and explains why
the gap between the two IRF's holds across horizons.

In order to further quantify such interplay between baseline productivity and monetary non-
neutrality, Figure 7(b) plots peaks of IRFs of GDP to the same small monetary expansion across
baselines with different aggregate productivities. For the ease of interpretation, the peak under
the lowest productivity baseline ({; = —3%) is normalized to one. One can see that peak response

of GDP under the highest productivity baseline is almost one-sixth larger than under the lowest
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Figure 7: Impulse responses of GDP to a small monetary expansion across baselines

(a) IRFs under expansion and recession (b) Peaks of IRFs across productivities
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Notes: Panel (a) shows IRFs of GDP to the same small monetary expansion around two baselines, with (Mg = 1,(1 = —3%)
and (Mo = 1,(1 = 3%); Panel (b) shows peaks of IRF's to the same small monetary erpansion around two baselines, with
Mo =1 and & = {—3%,—2%,0,—1%,1%, 2%, 3%}, where that peak for (1 = —3% is normalized to one. Panel (c) shows
IRFs of GDP to the same small monetary expansion around two baselines, with ({; = 0,Yt = 1,e™ = {—6%}) and (¢

0,Vt = 1,e™ = {6%}); Panel (d) shows peaks of IRFs to the same small monetary expansion around two baselines, with
¢t =0,Yt =1 and ™ = {—6%, —4%, —2%, 0, 2%, 4%, 6%} , where that peak for €™ = —6% is normalized to one.

productivity baseline. However, the rate at which monetary non-neutrality varies with baseline
productivity is highly non-linear. In particular, the change in non-neutrality between the highest
productivity baseline ((; = 3%) and the benchmark case ({; = 0) is almost seven times larger
than the change between the benchmark case and the lowest productivity baseline ((; = —3%).
In this sense, in my quantitative model monetary policy becomes powerful in expansions relative
to normal times, but its effectiveness does not wane by nearly as much in recessions. The latter
is explained by the asymmetry in the relationship between the average number of suppliers and
baseline productivity, as documented in Figure 6(a).

I now repeat the above exercise for baselines that differ in their initial money supply. Figure
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Figure 8: IRFs of GDP to large monetary shock relative to a fixed network benchmark
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where that peak for e* = 0 is normalized to one.

7(c) shows IRFs of GDP to the same small monetary expansionary shock under baselines with tight
(em, = —6%) and loose (™, = 6%) initial money supply. One can see that under loose initial
money supply the response of GDP is higher across horizons. As before, this is because under the
loose initial money supply baseline the average number of suppliers is higher, which strengthens
complementarities in price setting and amplifies monetary non-neutrality. Notice that according to
Figure 6(c), the change in average number of suppliers triggered by change in initial money supply
is much shorter lived that that caused by changes in baseline productivity. As a result, additional
monetary non-neutrality created by high initial money supply is shorter lived and, as can be seen
in Figure 7(c), IRFs of GDP under different baseline money supplies converge to each other faster
than in Figure 7(a).

In Figure 7(d) I plot peaks of GDP responses to the same small monetary expansion across
baselines with different initial money supply. One can see that peak response of GDP under the
baseline with most loose money supply (e™,, = 6%) is almost one-tenth larger than under the
baseline with tightest money supply (€™, = —6%). As in Figure 7(b) the relationship between
peak GDP and changes in the baseline is highly non-linear: the drop in potency of monetary policy
under tight initial money supply is much smaller than the rise in potency under loose initial money.
And just as before, this is explained by the asymmetry in the relationship between the average

number of suppliers and baseline money supply, as documented in Figure 6(c).
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4.3.3 Large monetary shocks

Having studied properties of small monetary shocks, I now turn to monetary shocks that are
large enough to affect equilibrium supplier choices. Recall that in the previous section I formally
established that large monetary expansions expand the set of suppliers which leads to a larger
GDP response relative to the case where networks are fixed. On the contrary, large monetary
contractions reduce the number of linkages and thus deliver a smaller contraction in GDP relative
to what would happen under exogenous networks.

In Figure 8 I report results, where I fix the baseline at My = Z; = 1, V¢, and subject my economy
to one-time large monetary expansions " = {2%, 4%, 6%,8%} and large monetary contractions
et = {—8%, —6%, —4%, —2%}. For each shock size, I normalize GDP IRFs with the response of
GDP that would occur if the same shock hit an otherwise identical economy with fixed exogenous
input-output linkages.

Panel (a) reports normalized peaks of GDP IRFs to large monetary expansions. Relative to an
economy with fixed networks, the peak response of GDP to a 2% monetary expansion is larger by
just over 1 percent, whereas for an 8% shock the response is 3 percent larger. Consistently with my
formal results in the previous section, large monetary expansions deliver more than proportional
response of GDP, despite fully time-dependent probabilities of price adjustment.

Results for large monetary contractions are reported in Panel (b). Relative to an economy
with exogenous production networks, an 8% monetary contraction delivers a drop in GDP that
is 0.3 percent smaller at the trough, with the gap shrinking down to just over 0.1 percent for a
4% contraction. Overall, the effects are consistent with formal results from the previous section,
though their quantitative relevance is much smaller than under large monetary expansions. This is
a consequence of asymmetric sensitivity of equilibrium supplier changes to changes in money supply
that was documented in Figures 6(c)-(d), where reductions in money supply do not eliminate as

many linkages as what is added under increase in money supply of the same magnitude.

5 Empirical evidence

Having established and quantified my theoretical results, I now turn to empirical assessment of the
key mechanisms. In this section I use both sectoral and firm-level input-output data to estimate
network cyclicality conditional on identified technology and monetary shocks. I show that my novel

empirical results strongly support the theoretical predictions of the model.
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5.1 Evidence using sector-level data
5.1.1 Data

In this subsection I use sector-level data on intermediates intensity in order to perform econometric
evaluation of the predictions of my model regarding business cycle fluctuations in the shape of
the production network. In particular, I use US data on sector-level employee compensation and
expenditure on intermediate inputs, published by the Bureau of Economics Analysis (BEA), to

construct the share of total costs going to intermediate inputs:

Intermediate inputs costsy,

Okt (16)

- Compensation of Employees;, + Intermediate inputs costs;;

I construct such measure of intermediates intensity for 65 three-digit sectors of the US economy
at annual frequency between 1987-2017. In the case of a Cobb-Douglas production function, such
measure maps directly into the model-based measure of sector-specific intermediates intensity in a

particular time period, given by | Wer, VEk.

T‘ESk;Yt

5.1.2 Econometric strategy

Once those measures have been constructed, I use the local projection approach of Jorda (2005) in
order to estimate horizon-specific impulse responses of sectoral intermediates intensity to produc-

tivity and monetary shocks:

Opt+H = O + BHSt + VHTR4—1 + Ektt H, (17)

for H = 0,1,..., H, where Ok, is intermediate intensity of sector k, s; is an identified exogenous
shock, x3;—1 is a vector of control variables and «j g represents horizon-specific sectoral fixed
effects.”®> The estimated value of Sy gives the horizon-specific response of intermediate inputs
intensity to an identified exogenous shock; according to my theory, intermediates intensity should,
ceteris paribus, rise following expansionary productivity and monetary shocks, and wvice wversa.
The specification above allows to econometrically test such predictions in a transparent way using
horizon-by-horizon fixed-effects regressions.

A feature of my theory is that changes in productivity and monetary conditions can affect the
equilibrium set of suppliers in a non-linear fashion. For example, in the previous section I docu-
mented how improvements in productivity and money supply affect the use of intermediates much

more strongly than deteriorations of the same magnitude. In order to test for presence of such

13The set of controls is specified in the descriptions to figures presenting each of the estimation results.
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Figure 9: Linear IRF's of intermediates intensity to productivity and monetary shocks

(a) Productivity expansion (+1%) (b) Monetary expansion (-100bp)
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Notes: Panel (a) shows estimated IRF's of intermediates intensity to a productivity shock based on Fernald (2014), using spec-
ification in (17); the set of controls includes one lead of productivity shock and one lag of intermediates intensity, productivity
shock, (log) real GDP, (log) total factor productivity, as well as a time trend. Panel (b) shows estimated IRFs of intermediates
intensity to a monetary shock based on Romer and Romer (2004), using specification in (17); the set of controls includes one
lead of monetary shock and one lag of intermediates intensity, monetary shock, (log) real GDP, federal funds rate, as well as

a time trend. Dotted lines represent 95% confidence bands.

non-linearities in the data, I consider the following augmented local projection specification:

Oktrsr = g + BT sy + B3 sy x L{sy > 0} + B517sy % |8¢| + YHTht—1 + e, (18)

for H = 0,1, ..., H, where it follows that Bﬁg" > 0 indicates that positively-valued shocks make
the impulse response more positive, whereas 5;}26 > 0 indicates that shocks which are large in
magnitude make the response scale up more than proportionally.

In the baseline results presented in this subsection, I use identified annual productivity shocks
from Fernald (2014) and identified annual monetary shocks from Romer and Romer (2004) that
have been extended by Wieland and Yang (2016).

5.1.3 Estimation results

Figure 9 shows estimation results using linear local projections in equation (17). Panel (a) shows
that following a positive 1% shock to aggregate productivity, the intermediates intensity responds
positively on impact, reaching peak increase of 0.004 after one year, and then gradually declines
back to zero; such positive response is consistent with my theory. As for a monetary expansion,
Panel (b) shows that a surprise one-time 100bp easing leads to a slight decline in the intermediates
intensity on impact, after which it gradually increases, reaching a peak of 0.005 increase after four

years; the response at longer horizons is consistent with theoretical predictions of the model.
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Figure 10: Non-linear IRFs of intermediates intensity to shocks

(a) Productivity expansions (b) Productivity contractions
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Notes: Panels (a)-(b) show estimated non-linear IRFs of intermediates intensity to a productivity shock based on Fernald
(2014), using specification in (18); the set of controls includes one lead of productivity shock and one lag of intermediates
intensity, productivity shock, (log) real GDP, (log) total factor productivity, as well as a time trend. Panels (c)-(d) show
estimated non-linear IRFs of intermediates intensity to a monetary shock based on Romer and Romer (2004), using specification
in (18); the set of controls includes one lead of monetary shock and one lag of intermediates intensity, monetary shock, (log)

real GDP, federal funds rate, as well as a time trend.

Figure 10 reports the results of estimation using non-linear local projections in (18).!* Panel
(a) shows that following a 1% productivity expansion, intermediates intensity rises by around 0.01
at the peak, whereas a 3% productivity expansion increases intermediates intensity by around 0.06
at the peak. Importantly, these differences imply that the responses estimated allowing for non-
linearities are not equal to linear IRF's scaled by the size of the shock, suggesting an important role
for size effects. Another important aspect is that the responses estimated allowing for non-linearities
match the magnitudes of responses generated by the quantitative model; recall that in Figure 6(b)
I reported that a baseline generated by a one-time 3% aggregate productivity improvement also
generates a rise in average intermediates intensity of around 0.06.

Figure 10(b) considers productivity contractions. A 1% productivity contraction does not gen-
erate a drop in intermediates intensity, whereas a 3% contraction generates a modest drop in

intermediates intensity of 0.02 at the trough. The latter suggest presence of sign effects: produc-

Y Pormal significance tests of the horizon-specfic non-linear effects are reported in Online Appendix D.1
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tivity contractions do not produce drops in intermediates intensity of the same magnitude as the
rises in intensity produced by productivity expansions. Importantly, the quantitative version of my
model produces size effects of the same direction and magnitude; as can be seen in Figure 6(b), a
baseline generated by a one-time 3% aggregate productivity contraction has average intermediates
intensity drop by just around 0.01 at the trough.

In Figure 10(c) I turn to the effect of monetary expansions on intermediates intensity. A 100bp
monetary easing raises intermediates intensity by around 0.01 at the peak, whereas a 300bp easing
produces a rise of close to 0.08. Once again, size effects are present. As for monetary contractions,
Panel (d) shows that a 100bp tightening produces close to no drop in intermediates intensity,
while a larger 300bp tightening delivers a drop of around 0.02 at the trough. Just like in the
case of productivity changes, sign effects are detected: monetary contractions produce drops in
intermediates intensity that are much smaller in magnitude than the increases produced by easings
of the same size. Finally, recall that in Figure 6(d) I documented presence of similar sign effects in

the quantitative version of my model as one varies money supply.

5.1.4 Discussion: margin of adjustment

The cyclicality of intermediates intensity established in this subsection is consistent with the pre-
dictions of my model. However, given that the cyclicality is established using sectoral data, it
does not say anything about the margin of adjustment. At the same time, my theoretical model
emphasizes the extensive margin of network adjustment.

Before formally testing for the extensive margin in the next subsection, I would like to present an
argument, which rationalizes why at least some of the observed variation in intermediates intensity
is likely to occur at the extensive margin. Consider a version of my model which does not have
the supplier choice at the extensive margin, but instead has variation in intermediates intensity
occurring at the intensive margin only. The standard way to obtain that would be to consider a

constant elasticity of substitution (CES) production function in labor and intermediates inputs:
n—1 1 n—1

Yie(4) = Awe [ (1 _gk)%thT () +6, 2, (])} 7,717 where 1 > 0 is the elasticity of substitution,
Z+(j) is the composite intermediate input given some exogenous set of supplier sectors. Then
equilibrium intermediates intensity is given by & = & x [(1 — 0x) (Wy/PF)1 17 + gk]fl, where PF is
the price index for the composite intermediate input. In my setup with sticky prices, following either
a monetary expansion or an exogenous productivity improvement (W;/ Ptk) rises. Therefore, having
a procyclical intermediates intensity in this setup requires n > 1. However, this is inconsistent with
available micro estimates of 7, which find it to be close to one from below (Atalay, 2017). Therefore,

matching the observed procyclicality of intermediates intensity using purely the intensive margin
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Figure 11: Linear IRFs of number of suppliers to productivity and monetary shocks

(a) Productivity expansion (+1%) (b) Monetary expansion (-100bp)
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Notes: Panel (a) shows estimated IRFs of the number of suppliers to a productivity shock based on Fernald (2014), using
specification in (19); the set of controls includes four lags of the number of suppliers, one lag of productivity shock, (log) real
GDP, (log) total factor productivity, as well as a time trend. Panel (b) shows estimated IRFs of the number of suppliers
to a monetary shock based on Romer and Romer (2004), using specification in (19); the set of controls includes one lead of
monetary shock, four lags of the number of suppliers, one lag of monetary shock, (log) real GDP, federal funds rate, as well

as a time trend. Dotted lines represent 95% confidence bands.

of adjustment is likely to require a strongly counterfactual elasticity of substitution between labor

and intermediates.

5.2 Evidence using firm-level data
5.2.1 Data

A unique prediction of my model is that the adjustment in the relative reliance on intermediate
inputs can happen at the extensive margin. In this subsection, I use firm-level data on the number
of suppliers of US publicly listed firms in order to perform econometric evaluation of the extensive
margin of network adjustment over the business cycle. In particular, I use the dataset constructed
by Atalay et al. (2011) based on US Compustat data, which contains a time series for the firm-level
indegree, which is the number of suppliers in the dataset. The dataset covers a large number of US

publicly listed firms.

5.2.2 Econometric strategy

Using the indegree measure, I once again follow the local projection approach of Jorda (2005) in
order to estimate horizon-specific impulse responses of a firm’s number of suppliers to productivity

and monetary shocks:
indegj7t+H = ojH + Brse + YHTjt—1 + Ejt+H, (19)
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Figure 12: Non-linear IRFs of number of suppliers to shocks

(a) Productivity expansions (b) Productivity contractions
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Notes: Panels (a)-(b) show estimated non-linear IRFs of the number of suppliers to a productivity shock based on Fernald
(2014), using specification in (20); the set of controls includes one lead of productivity shock, four lags of the number of
suppliers, one lag of productivity shock, (log) real GDP, (log) total factor productivity, as well as a time trend. Panels (c)-(d)
show estimated non-linear IRFs of the number of suppliers to a monetary shock based on Romer and Romer (2004), using
specification in (20); the set of controls includes one lead of monetary shock, four lags of the number of suppliers, one lag of

monetary shock, (log) real GDP, federal funds rate, as well as a time trend.

for H = 0,1, ..., H, where indeg; is the indegree (number of suppliers) of firm j in year ¢, s; is an
identified exogenous shock, x;; 1 is a vector of control variables and «; i represents horizon-specific
firm fixed effect. The estimated value of Sy gives the horizon-specific response of the number of
suppliers to an identified exogenous shock; according to my theory, the number of suppliers should,
ceteris paribus, rise following expansionary productivity and monetary shocks, and vice versa. The
specification above allows to test such predictions in a transparent model-free way using horizon-
by-horizon fixed-effects regressions.

As discussed earlier, my model predicts a non-linear relationship between changes in produc-
tivity and monetary conditions, and the equilibrium set of suppliers. In order to test for such
non-linear adjustment at the extensive margin, I once again extend the previous specification to

include additional terms:

indegji+H = 0. H + B%”earst + Bi}g”st x 1{s; > 0} + 5;}“& X |se| + YHT -1 + €1+ H (20)

43



for H = 0,1, ..., H, where it follows that ﬂggn > ( indicates that positively-valued shocks make the
impulse response more positive, whereas Bf}ze indicates that larger shocks make the response more
positive.

In the baseline results presented in this subsection, I once again use identified annual produc-
tivity shocks from Fernald (2014) and identified annual monetary shocks from Romer and Romer

(2004) that have been extended by Wieland and Yang (2016).

5.2.3 Estimation results

Figure 11 shows estimation results using linear local projections in (19). As one can see, following a
positive 1% shock to aggregate productivity, the (average) number of suppliers responds positively
on impact, reaching peak increase of around 0.20 after one year, and then gradually declines back to
zero; such positive response is consistent with my theory. As for a monetary expansion, a surprise
one-time 100bp easing first leads to a slight insignificant decline, after which in gradually increases,
reaching a peak of 0.85 increase after four years; once again, the response at longer horizons is both
statistically significant and consistent with theoretical predictions.

Figure 12 reports the results obtained using non-linear local projections in (20).Panel (a) shows
that following a 1% productivity expansion, the (average) number of suppliers goes up by almost
2 at the peak, whereas a 3% productivity expansion increases the number of suppliers per firm by
approximately 5. At the same time, Panel (b) suggests that productivity contractions are unable
to deliver drops in the number of suppliers. The latter suggests that sign effects, documented both
in estimation using sectoral data and in the quantitative version of my model, are similarly found
in firm-level data.

Similarly, Figure 12(c) shows that following monetary easings the (average) number of suppliers
per firm rises: by around 1 following a 100bp easing, and by close to 6 after a 300bp loosening.
And once again, monetary contractions are unable to generate a drop in the number of suppliers
per firm of a comparable magnitude, giving another evidence in favor of sign effects, previously
documented for monetary interventions both using estimation with sectoral data, as well as using

a quantitative version of my theoretical model.

5.2.4 Further results and robustness checks

In Online Appendix D, I consider an alternative approach to modeling non-linearity in my local
projections setting. In particular, I re-estimate (18) and (20), where instead of adding interactions
with a sign dummy and absolute value of the shock, I add quadratic and cubic shocks, which

similarly capture possible sign and size effects. Reassuringly, results remain virtually unchanged,
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both in terms of magnitudes of effects, as well as when it comes to sign and size effects and their

statistical significance.

6 Conclusion

I develop a novel dynamic multi-sector general equilibrium model with sticky prices, where input-
output linkages are formed endogenously through firms’ optimizing decisions. 1 provide novel
empirical evidence on the cyclical behavior of production networks and show that the model repli-
cates the observed variation, conditional on either productivity or monetary shocks driving the
cycle. In particular, in the data the reliance on intermediates rises following productivity improve-
ments and monetary easings. In the model, technological improvements also increase the reliance
on intermediates, as expanding the set of suppliers lowers firms’ unit costs directly through higher
productivity and indirectly through lower prices charged by suppliers. Similarly, nominal easings
also expand the production network in the model, as they make prices charged by supplier firms
cheaper relative to the cost of in-house labor.

The model delivers a novel mechanism for state-dependence in monetary transmission, which
is generated by cyclical variation in the strength of complementarities in price setting. This mech-
anism makes the strength of monetary transmission depend on the phase of the business cycle,
past monetary stance and the size of the shock even if the probability of price adjustment is
state-independent. In particular, in periods of high productivity and loose monetary policy, firms
optimally decide to connect to more suppliers, which strengthens pricing complementarities and
amplifies monetary non-neutrality. On the contrary, episodes of low productivity and tight mone-
tary policy lead to sparse networks and weaker complementarities in price setting, which diminishes
monetary non-neutrality. At the same time, larger monetary expansions have a disproportionally
larger positive effect on GDP compared to smaller monetary expansions, as the former expand
the production network. Larger monetary contractions instead have a disproportionally smaller
negative effect on GDP, as they shrink the network. The non-linearities in the transmission of
monetary shocks in the theoretical model are consistent with the econometric evidence (Tenreyro
and Thwaites, 2016; Jorda et al., 2020; Alpanda et al., 2021; Ascari and Haber, 2022).
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A Detailed proofs

Proposition 1 (Equilibrium). Suppose Assumptions 1-8 hold. Then equilibrium introduced in
Definition 1 possesses the following properties: (a) it exists; (b) equilibrium sectoral prices and
final sectoral consumptions are unique; (c) equilibrium supplier choices and remaining sectoral

allocations are generically unique.

Proof. (a) Existence;
In periods t > 2 prices are flexible, and firms’ problem is static and collapses to that studied by
Acemoglu and Azar (2020). Hence, it suffices to show existence at ¢ = 1, where prices are sticky.

For convenience, let Pj, = % and Q) = % be ratios of sectoral prices and unit costs to money

supply.

As a first step, I am going to establish existence of equilibrium prices and supplier choices.
Subsequently, I am going to show how existence of equilibrium prices and supplier choices implies
existence of equilibrium quantities.

Rewrite equation for sectoral price aggregation, using the fact that every sectoral production

function exhibits constant returns to scale:

P = o PL% + (1 — a) [M(1 + 1) Ok (Sk, Ak (Sk), {Prhres)] ™

1

5 _ [Pk,o]l—" = = 1o |
K= | + (1 — o) [(1 + 1) Qi (Sky Ar(Sk), {Pr}res,) | : (21)

M

or P = fi[Qk(Sk, Ak(Sk), {Pr}res,); M], where f, > 0, fil < OVk, and fi(; M) < fr(; M), Vk :
ay > 0 for any M > M. Define the following function:

({Prli) =

= [fl [f%ilnél(sh A1(S1), {Pr}res, ); M, ., fK[HSli(n@K(SK’ Aw (SK), {Pr}resi); M]] (22)

One can show that (.) has a fixed point, and that its fixed point corresponds to equilibrium ratios
of sectoral prices to money supply. This follows from the fact that the set L = {Py > 0,VYk : P, =
fr[ming, Ok (Sk, Ak (Sk), {Pr}res,); M]} is a complete lattice with respect to operations

P/\Q = [min(Pr, Q1), ..., min(Prx, Qx)]’

and
P\/ Q= [max(P1,Q1), .., max(Pr, Q)]

I now formally establish the latter point.
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First, a producer in any sector k can produce using labor only, incurring a unit cost of
O1(9, Ap(@), @), which delivers the price to money supply ratio that is given by P;C = f1[Ok(2, A(@), ©); M], VK,
which does not depend on sectoral prices, and so r({Pj}5_ ) < [P, ..., P for all {Py}E_ . Since
labor is an essential input by assumption, it follows that at zero prices the unit cost is positive for
any choice of suppliers: O (Sk, Ax(Sk),0js,x1) > 0,V Sk, k.
Let P, = k(015 1x1) = JelQr(Sk, Ak(Sk), 05, (x1); M], Vk. Since the unit cost function is
increasing in sectoral prices and f;, > 0,Vk, it follows that £({Pr}f_;) = (05,|x1) = [P}, ..., Pyl
for all {P;}X . Hence, 0= szl[F;,PZ] is a complete lattice and x maps O to O.
Second, for any {ﬁk}kK:I and {?k}szl such that P < ?ka we have

Ok (Sk, Ax(Sk), {Pr}res,,) < Qk(Sk, Ar(Sk), {ﬁ«}resk),vsk, vk

and hence

I%in@k(skaAk(Sk)y {P,}res,) < Héinék(sk,Ak(Sk), {ﬁ«}resk)a vk

which further implies

fk[Hin@k(SmAk(Sk), {Pr}res,)] < fk[rgin@k(sk,ftk(sk),{ﬁ«}resk)], vk

and
R(PRHE) < k({PLH ).

Hence, k is an order-preserving function which maps a complete lattice O onto itself. By Knaster-
Tarski theorem, it follows that x has a minimal fixed point, which yields equilibrium ratios of sec-
toral prices to money supply {Fk}le and supplier choices {Sk}le. Trivially, equilibrium sectoral
prices are then recovered as P, = M x Py, Vk. As for equilibrium firm-level prices within a particular
sector, those are given by Py, o for non-adjusters at ¢t = 1 and by (14 ) Qk (Sk, Ak (Sk), M, { P }res,.)
for adjusters at ¢t = 1.

Having established existence of equilibrium prices and supplier choices, I now show that their
existence allows to recover equilibrium allocations. First, the cash-in-advance constraint allows to
recover aggregate final consumption C; = My/Pf, where Pf = Pf[ Py, ..., Pkt]’ is the consumption
price index. Given aggregate final consumption, sectoral consumptions Cg; = Cri({ Pt} |, Ct)
are pinned down uniquely from properties of the aggregator u(.). As for firm-level consumptions,

N -0 4 4
those are pinned down as Cy(j) = <M> Chi. Let zpp = Zer) g Nt = ]}Y:f((jj))

i = 350 be firm-level
ratios of factor demand to output; given assumed properties of the production function, those are

common to all firms within a particular sector, and independent of output. From goods market

A-2



clearing condition:

K

Cre(§) + D, f Zoa (5, 9V’ = Yia(§), Yk, Vj € By, (23)
r=1 jIG‘I’T
K . —0

P..(5
Crt + Z Zrktj ( ;D(J )> Youdj' =Yg, VEVje Py (24)

r=1 J'e®r Tt

K
Crt + D 2kt AriYyy = Yig,  VE,Vj € Oy (25)

r=1

A\ —0
where A,y = Sjeq)k (P;f,r(t] )) dj is price dispersion in sector r. The expression above allows to

recover sectoral outputs:

[Yie, ., Yier] = (I — Q) MChy, ..., Ciit], (26)

where € is a matrix whose entries are given by [Q¢]x = 2,k Are. Given sectoral outputs, firm-level
A\ —0

outputs can be recovered as Yj(j) = (%}?) Y}t, further allowing to pin down factor demands:

Zirt(3) = 2krt Yet (5), Nie(5) = 1t Yiee (5)-
(b) Uniqueness of sectoral prices and final consumptions;

As before, uniqueness of sectoral prices under no nominal rigidities (¢ = 2) is shown in Acemoglu
and Azar (2020). Here I only need to establish uniqueness of equilibrium prices under nominal
rigidities in ¢t = 1.
Let {P;}X | be the minimal element of complete lattice L introduced in (a); suppose {PZ}szl
is another set of equilibrium ratios of sectoral prices to money supply; then it must be that ?Z >
Py, Vk. Below I show by contradiction that the latter implies {?k}le is the unique equilibrium
set of ratios of sectoral prices to money supply.
Given assumed properties of the production function, it follows that Qj, is concave in {fk}le.
Moreover, minimum of a collection of concave functions is also concave, so that ming, Ok (Sk, Ak(Sk), {Pr}res,)

is also concave. Recall that f; > 0, f{/ < 0,Vk so that f is increasing and concave, and hence

ki({Priey) = fk[néin@k(sk,flk(sk), {Pr}res;)]

is also concave for all k =1, ..., K.
Let v € (0,1) be such that I/?Z = P}, Vk with at least one r = 1,2, ..., K such that ?Z = Py.
Then:

- 5%

kir(Py) — Pp = kp(VPL) — VP = k. (0)(1 = ) + 5 (Po)v — VP, = (1 — 1)y (0) > 0.
|y —

=0
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The final inequality implies #,(P,) > P,, which contradicts that {FZ}szl is a fixed point. Hence,
{Fk}kK:I is the unique fixed point, and equilibrium sectoral prices are unique.

Uniqueness of sectoral prices implies uniqueness of the aggregate consumption price index, and
through the cash-in-advance constraint, it follows that equilibrium aggregate final consumption is
also unique. Finally, properties of the consumption aggregator u imply that given unique sectoral

prices and aggregate consumption, sectoral consumptions are also unique.
(¢) Generic uniqueness of supplier choices and remaining quantities;

Generic uniqueness of sectoral supplier choices follows directly from the proof in Acemoglu and
Azar (2020), since the possibility of multiplicity in equilibrium networks is unrelated to the degree
of nominal rigidities.

From (29) one can see that equilibrium sectoral outputs are function of the amount of inputs
sectors are buying from each other. Since supplier choices are generically unique, so are sectoral
outputs in equilibrium. Finally, since factor demand are pinned down, among other things, by
sectoral outputs, sectoral labor demands and desired purchases of intermediate inputs are also

generically unique.

O]

Lemma 1 (Baseline GDP). Suppose Assumptions 1-3 hold. Consider any two baseline pairs
(A, M), (A, M) such that either A > A, My = M,y or A=A, My = M,. Then, C(A, M) =
C(AvMO)

Proof. (a) A> A, My = My = Mo;
Let {Fz}kK:l be equilibrium ratios of sectoral prices to money supply under the baseline pair

(A, My). Naturally, they satisfy the following fixed point condition:
-0 .= =0
Py = fu[min Qk(Sk, A (Sk), { Py }res, ); Mol Vk (27)
k

where functions f, were introduced in (21).
Suppose the productivity mapping changes to A > A, while baseline money supply remains

unchanged. Define {F,lg}iil such that they satisfy:

P, = fk[rgin@k(skvjk(sk)v {P)}res, )i Mal, Yk (28)
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Since Qy, is decreasing in Ay and f], > 0, it follows that:
I%inék(skvzk(sk)a (P)}res,) < Héin@k(sk,Ak(Sk), (P}res,), Vk (29)
= filmin Qi (Sk, Ax(Sk). {P)}res,); Mo] < fi[min Qi (k. A, (Sr), {(P)}res)iMol, Yk (30)
=P, <P, Yk (31)

As before, define /ﬂk({?k}le) = fr[ming, O(Sk, Ax(Sk), {?k}le;./\/lo], Vk. The new equilibrium
ratios of sectoral prices to money supply are the minimal fixed point of k(.). For 7 > 1, define

FZ = /@k({FT_l}le). Since k(.) is increasing, it follows that:

Py < Py Yk = s({P ) < s({P'}) (32)
= Py < P Vk = s({PH,) < s({P})) (33)
=P, <Py Vk=..= P, <Py 'Vk (34)
= lim P, < Py, Vk. (35)

t—00

Since k(.) is continuous, lim;_,q, PZ is a fixed point of x(.). Further, since the new equilibrium is a
minimal fixed point, it must be that Py (A, Mg) < limg_, o ﬁz < FZ = Pr(A, My), Vk.

From the definition of the aggregate consumption price index it can be deduced that
A, M) Pr (A, Mo)) _
My Mo
= PY(P1(A, Mo), ..., P (A, Mo)) < P*(P1(A, My), ..., Pk (A, Mo)) = P*(A, Mo).

P°(A, My) = P2

From the cash-in-advance constraint, C'(A, Mg) = 1/P¢(A, My), and hence C (A, Mg) > C(A, My).

(b) Z:A: A7MU >M0;
Similarly, let {Fg}szl be equilibrium ratios of sectoral prices to money supply under the baseline

pair (A, M,). Suppose My rises to My > My, and define {P,lc}szl such that they satisfy:
P = fk[Héin@k(Sk,Ak(Sk)v (P}res, )i Mol, vk (36)
Since fx[ . ;Mo] < fil . ;Mol,Vk, it follows that:
Jilmin i (S Ax(Sv). (P} res, )i Mo] < filmin Qu(Si, Au(Si). {P}res,): Mol ¥k (37)
—~ P, <P), Vk (38)

The rest of the proof follows from (a), where it is similarly established that Py (A, Mg) < Px(A, M), Vk,
and hence P°(A, Mp) < P°(A, M) and C(A, My) > C(A, M,). O
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Lemma 2 (Baseline supplier choices). Suppose Assumptions 1-5 hold. Consider any two base-
line pairs (A, M,), (A, My) such that either A > A, Mo = My or A = A, My > M,. Then,
S (A, Mp) 2 Sp(A, M), for allk =1,2,...,K.

Proof. (a) A > A, My = My = Mo; Let S = Si(A4, My),Vk, be the original set of supplier

choices in equilibrium, which satisfy:
She argmin Qu(Sk, Ay (S1), Mo, {Pr(A Mo)}res,) =
k
= arg H;,in MoQk(Sk, Ap(Sk), {Pr(A, Mo)}res,)
k

= arg Hé?@k(sk, AL (Sk), {Pr(A, Mo)}res,), VEk.

Suppose A improves to A > A, and define supplier choices S' such that it is true that S,i €
argming, O (Sk, Ak (Sk), {Pr(A, Mo)}res, ), Vk. From Theorem 4 of Milgrom and Shannon (1994)
it follows that S,i > S,g, Vk.

From the proof of Lemma 1 it is known that Py (A, Mg) < Pr(A, My), Yk, and hence

arg r%inék(skyzk(sk)a {P, (A, Mo)}res,) 2 arg r%in@k(skajk(sk); {P(A, Mo)}res,)
= Si(A, Mp) 2 S} 2 Sk(4, Mg), Vk. (39)

(b) A=A=A My > My;
Let SO = S(A, M,) be the original equilibrium network, which satisfies

SY € arg I%in@k(sk, Ap(Sk), {Pr(A,Mg)res, }), Vk. (40)
k

Suppose M, changes to My > M,. From the proof of Lemma 1 it is known that Py(A, My) <
Pi(A, M,), Yk, and hence by Theorem 4 of Milgrom and Shannon (1994):

arg Héin@k(sk, Ai(Sk), {Pr(A, Mo)}res,) 2 arg I%iﬂ@k(sk, Ai(Sk), {Pr(A,Mg)}res,)s
= Si(A, M) 2 Si(A,M,), Vk. (41)
]

Lemma 3 (Comparative statics following a monetary shock). Consider a baseline pair (A, My),
which is perturbed by a monetary shock €™ > 0. Suppose Assumptions 1-8 hold, then following the
monetary shock equilibrium GDP rises (falls) relative to its baseline level: C(A, M) > C(A, My).
Further, suppose that in addition Assumption 4-5 also hold, then following the monetary shock the
set of suppliers for each sector weakly expands: Si(A, M) 2 Sp(A, My), for allk =1,2,.... K.
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Proof. Proof follows directly from Lemmas 1 and 2, where variation in money supply is driven
by the monetary shock, as opposed to changes in baseline money supply, which is instead kept
fixed. O

Lemma 4. Suppose Assumptions 1-3 and 6-7 hold. For any baseline pair (A, My), let pi(A, Mo)
be a first order approximation of log Pr(A, M) around log Px(A, My), given Sy = Si(A, M), Vk.
Consider any two baseline pairs (A, M,), (A, Mo) and a monetary shock €™ which is small with

respect to both baselines, then:

]p(jl, MU) - IP(A7 MU) = [L’(Z, HO) - £(A7 MO)] e (42)

where p = [p1,p2, ..., pr ]|, E™ = [e™,e™,...,e™]" and L is a Leontief inverse given by:

L(A,Mo) = [T — (I — AT(Mo)Q(A, Mo)] ™" [T — (I — A)T(Mo)] (43)

where A = diag(aq,...,ak), I'(Mo) = diag(71(Mo), ..., 7k (Mo)), v = ak(g(Mo))11—9+1—ak and

d10g Qi [ St Ak (S1), Wi Pt } e
[Q(-A7M0)]/ﬂ” = k[ - glo;PT — Sk]|M=Moka7r-

Proof. First, notice that under the assumptions used in this lemma, if a shock €™ > 0 is small
with respect to a baseline pair (A, My), then any other monetary shock ™ € (0,&™) is also small
with respect to the baseline pair (A, Mj). The proof of that follows by contradiction. Suppose
there exists € € (0,e™) such that Si(A, Mgexp(E™)) o Sip(A, Mp) for at least one k. Then
for those k it follows Si(A, Moexp(E™)) o Sk(A, Moexp(e™)) = Sp(A, Mp) where e™ > ™,
which implies that for those sectors the set of suppliers shrinks as money supply increases, which
contradicts Theorem 4 of Milgrom and Shannon (1994). Similarly, suppose there exists g™ €
(0,e™) such that Si(A, Mgexp(™)) < Sp(A, My) for at least one k. Then for those k it follows
Si(A, My exp(E™)) < Sk(A, M) where €™ > 0, which once again implies that for those sectors
the set of suppliers shrinks as money supply increases, which contradicts Theorem 4 of Milgrom
and Shannon (1994).

Hence, starting from the baseline (A, My), the solution to my model for any monetary shock
g™ € (0,e™] coincides with the solution to a restricted version of my model where the set of suppliers
is kept fixed at S(A, My). In the rest of this proof I consider such restricted version of my model
for an unrestricted value of monetary shock, and ultimately evaluate solution to that model under

g™ € (0,e™]. Write sectoral price aggregation in such restricted model:
Pl = Oékpklje + (1 — ag) [(1 + o) Qi (Sks Ar(Sk), M, { P }res, ] (44)

For a given baseline (A, M) and model parameters, equilibrium prices are pinned down by the

value of the monetary shock €”. The model with a fixed network features no discontinuities and
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since the unit cost function is differentiable by assumption, one can write a first order Taylor

approximation around €™ = 0:

(1= o) [(1 + pe) Qi (0)] 7
axPho” + (1= o) [(1+ 1) Qr(0)]' 7

log Py, (e™) = log P,(0) + [log Qx(e™) —log Q1 (0)]  (45)

By assumption, Py o = (1 + px)g9(Mo)Qx(0):

11—«
log PL(E") = og PL0) + — Lo g Quem) ~ g QuO. (a6)
— (1 - (M) [ +10g D) — Tog O(0)] )

where v, (M) =

1
org (M) 7T T=ar Vk. Further,
log Pr(e™) — log Pr(0) + €™ = (1 — ag)ye(Mo)e™+

dlog Q4 (0)

TESk

[log P,.(¢™) — log P,(0)] . (48)

Letting p,, = [log P(e™) — log Pr(0)] and p = [Py, Pg; ---» Px]’> one can re-write the above conve-
niently in matrix form:

p = [(I = A)T(Mo) — I]E™ + (I — A)L(Mo)Q(A, Mo)D (49)
= —[I = (I = AT(Mo)QA, Mo)] [T = (I = AT(Mo)]E™ (50)

sl

where A = diag(aq, ...,ak), I'(Mg) = diag(y1(Mo), ..., vk (Mg)), E™ = [e™,e™, ...,e™] and [Q(A, Mo)]kr =

dlog Qi [Sk:Ak(Sk):Wv{Pk’ }k’esk]
dlog Py |M:M07Vk’r'

Return to the original version of my model, where network formation is endogenous. For
a monetary shock €™ > 0 that is small with respect to two baselines (A, M,), (A, My), the
expression in (50) holds locally around both baselines. Further, for those two baselines py, (A, M) —
Pr(A M) = pe(A,Mo) + ™ — pp(A M) — ™ = pr(A, Mo) — pr(A, M), and so p(A, Mo) —
p(A, M) = p(A, Mo) — p(A, M,,). Combining this with (50) delivers the final result:

p(A, Mo) — P(A M) = — [L(A, Mo) — L(A, M,)] €™ (51)
where £(A, Mg) = [I — (I — AT (M)A, Mo)] [T — (I — A)T(My)]. O

Proposition 2. Suppose Assumptions 2-5, 7-8 hold. Consider any two baseline pairs (A, M),
(A, My) such that either A = A, My = My or A = A, My = M,. For a monetary shock
€™ > 0 that is small with respect to both baselines, it follows that py(A, Mo) < pr(A, My) for all
k=1,2,.. K.
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Proof. Let D = Q(A, M) — Q(A, M,), then one can rewrite the difference between the Leontief

Inverses as follows:

— (I = A)D(Mo)Q(A, M) L(A, Mo)
— (I — A)T(Mo)DL(A, My)
+ (I = A)(T(Mp) — T'(My)) (52)

Let 2 = diag (jﬁgﬁg;, s z‘ZEEg), then the above can be re-written as:

LA M) — L(A, M) = —~[1 — (I — AT (My) A Mp)] ™'
< [(I = AT(Mo) DL(A, Mo) + (I — A)(I — TM)(I — UAM)LA M) (53)

From the definition of £(A, My):

L(A,Mo) = [I = (I = AT(M)Q(A, Mo)] [T — (I = A)T(Mo)]
=1 +[I = (I - AT(M)QA M,)] (I = AT (Mo)(2(A, Mo) — 1)
=T — QA My)L(A, My
+ QA ML - (T - AT

]
Mo)QA, Mo)]7HI = AT (Mo)(I — Q(A, Mo)).  (54)

Suppose we have any two baselines pairs (A4, M,), (A, My) such that either 4 > A, My = M,
or A=A My > M,. Under Cobb-Douglas production function entries of the {2 matrix in the
Leontief Inverse are given by shares in the production function, so that [Q]x. = wy, if sector k
buys inputs from sector 7 and [Q], = 0 otherwise. As a result, D = Q(A, My) — Q(A, M,) is a
K x K matrix with non-negative entries, since from Lemma 2 the first baseline will have (weakly)
more suppliers for every sector. Further, from the properties of v, it follows that all entries of the
= matrix are positive and less than or equal to one. Finally, since labor is an essential input, it
follows that sum of rows of (I — (A, M)) for any baseline pair are positive and less than or equal
to one.

Combining the above observations with the expressions in (53) and (54), it follows that for any
two baselines pairs (A, M), (A, Mg) such that either 4 > A, Mg = M, or A = A, My > M,,

and a monetary shock €™ > 0 that is small with respect to both baselines, it holds that:

P
or py(A, Mo) < pr(A

(A, Mo) — p(A, M) = — [L(A, M) — LA, M) E™ < 01 (55)
, M

o), Vk in scalar form. O



Theorem 1 (Cycle dependence). Suppose Assumptions 3-5, 7-9 hold. For any baseline pair
(A, M), let ck(A, Mp) = log Cr(A, M) — log Cr(A, My),Vk. Consider any two baseline pairs
(A, M), (A, My) such that A > A. For a monetary shock €™ > 0 which is small with respect
to both baselines it follows that cx(A, Mo) = cx(A, Mo) for all k = 1,2,..., K, and c(A, My) >
c(A, Mo).

Proof. Under Cobb-Douglas aggregation of sectoral consumption it follows that sectoral consump-

tion demand takes the following form:

Py
Pc

peC M

Cr = wek [ ?k = chFk-

} O = (56)

From the above it follows that log Cx = logwe; + log M — log P, and evaluating the latter under
baseline and following the shock yields:

log Cx(A, M) —log Ci(A, My) = log M — log P(A, M) —log Mg + log Py (A, M)
(A, Mo) = €™ — pr(A, Mo). (57)

For the two baselines (A, M), (A, My) such that A > A, and a monetary shock €™ > 0 that is

small with respect to both baselines it follows:
k(A Mo) — (A, Mo) = — [pr(A, Mo) — pr(A, Mo)] =0, Vk (58)

where the last part follows from Proposition 2.

Consider deviation of aggregate consumption from baseline:
ck(A, Mo) — ci(A, Mo) = Z wek [k (A, Mo) — (A, Mo)] = (59)
k=1

O]

Theorem 2 (Path dependence). Suppose Assumptions 3-5, 7-9 hold. For any baseline pair
(A, My), let cx(A, Mp) = log Cr(A, M) — log Cr(A, My),Vk. Consider any two baseline pairs
(A, M), (A, My) such that My = M. For a monetary shock €™ > 0 which is small with respect
to both baselines it follows that ci(A, Mg) = ci(A, M) for all k = 1,2,.... K, and c(A, M) =
(A, My).

Proof. Recall from the proof of Theorem 1 it is true that cx(A, Mg) = ™ — px(A, My), Vk. For
the two baselines (A, M,), (A, Mp) such that My = M,, and a monetary shock €™ > 0 that is

small with respect to both baselines it follows:

cr(A, Mo) — cx(A, M) = — [pk(A, Mo) — pi(A, MO)] =0 (60)
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where the last part follows from Proposition 2.

Consider deviation of aggregate consumption from baseline:

K
cr(A, Mo) = er(A,Mg) = D wer [er(A, Mo) — (A, Mp)] = 0. (61)

k=1

O

Proposition 3. Suppose Assumption 1-8 and 6 hold. For a baseline pair (A, My), and the baseline
equilibrium network SO, let €™ > 0 be a small monetary shock and E™ > 0 be a large monetary
shock. Further, let ST be the equilibrium network following the large monetary shock. The ratios

of exact impulse responses of sectoral prices satisfy:

Pg(E™; ST)
= < — < — ) (62)
Pglem; St)  P(e™)  Pi(em;89)

forallk =1,2,..., K, where pk() 18 the exact impulse response under endogenous networks, whereas

]5,?(, S) is the exact impulse response under the exogenous network S.

Proof. Let {Fi},’f:l be equilibrium ratios of sectoral prices to money supply under the initial level

of money supply My. As shown in the proof of Lemma 1, they satisfy:
=0 — =0
Py = filmin Qr(Sk, A(Sk), {Fr}res, ) Mol vk (63)
k

where f; is an increasing function. Further, we know that the equilibrium network under the initial
level of money supply My is S°.

Suppose that following a large monetary shock E™ the level of money supply rises to M > M.
Define {?llg}szl such that they satisfy:

P, = fulmin Qi (Sk, Aw(Sk). {P}res,): MM, vk (64)

Let {F,lc(S 0)}X | be the equivalent of {P,lg}szl in an economy with an exogenous production network,

given by S°, then it follows that:
Py(S°) = filQu(SR: Ak(SD). P} esp): MM = filmin Qu(Sis Ar(Sh): (P }res); M)
k
—P,, Yk (65)

given that the economy with endogenous networks has an extra layer of minimization.
As in the proof of Lemma 1, we can define {ﬁi}le and {ﬁz(SO)}le as the outcome of the

next stage of fixed point iteration (with endogenous and exogenous network, respectively), and it
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follows that:
P(S%) = Fel QSR A(SD), (Pr (5} resg)s M) = filomin Qu(Sk, Aw(Si), {Pr}res, ) MY
P, Yk (66)

where the inequality follows from two sources: first, ?,16(50) > F,lg, Vk; second, the economy with
endogenous networks has an extra layer of minimization. By induction, it then follows that for any

stage t = 1 of the fixed point iteration:

P(8%) = ful k(8% Ak(SR). AP} (5 }resp): M*] > filmin Qu(Si, Ak(Sk). (P Jres ): M"]

~P,, Vk

= lim fZ(SO) > lim PZ,, VEk

t—00 t—00
= Pr(ME; 8% = Pr(MY), vk (67)
= P (MF; 8O ME = Py (MEY ME Yk
= P(ME; 8% = P(ME), Yk (68)

where Py(M?') is the equilibrium price index of sector k& under money supply M¥* and endogenous
network, whereas Pk(ML ;89 is the equilibrium price index of sector & under money supply ML

and exogenous network S°. We can further see that:

Pk(./\/lL) Pk(./\/lL;SO) ik
Pk(./\/l(); SO) Pk(./\/lo; SO) ’
= Pu(E™) < PE(E™ %), Wk
m pe( mm. Q0
Pe(E™) _ FE(E .’S) Vk (69)

where we know that Py (c™) = Pg(e™; S°) since, by definition, the small monetary shock £™ leaves
the equilibrium network unchanged at S°. This establishes the first inequality in the proposition.

In order to prove the second inequality, return to our definition of {Pg},f;l, which gives the
equilibrium ratios of sectoral prices to money supply under the initial level of money supply M.
Suppose that following a small monetary shock €™ the level of money supply rises to M* > M.
Define {P}C}kK:l such that they satisfy:

Py, = fylmin Qu(Sk, Aw(Si), {P}res, s M, Yk (70)
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Recall that S is the equilibrium network under money supply M”. Let {F,lf(SL)}f:1 be the

equivalent of {?llc}szl in an economy with an exogenous production network, given by S”, then:
=1 — -0 .= —0
Pi(S%) = fil@r (S5, Au(SE), {Pryesr )i M) = fi[min Qp(Sk, Ar(Sk), {Py res, )s M)
k
~P,, Yk (71)

given that the economy with endogenous networks has an extra layer of minimization.

As before, by induction, for any stage ¢t > 1 of the fixed point iteration:
Ph(S") = fulQu(Sk, AR(SE) (P (5"} e )s MO = filmin QS Aw(Se), (P ress, ): M)
k

:Pk7 Vk

= lim FZ(SL) > lim Fz, vk

t—0o0 t—00
= Pp(M%;SL) = Pr(M®), Vk (72)
= Py(M®; S5 /M® = P (M) /MZ) Yk
= Py(M%; 81 = Py (M), Vi (73)

where Pj,(M?®) is the equilibrium price index of sector k& under money supply M* and endogenous
network, whereas Pk(./\/lS : S is the equilibrium price index of sector k under money supply M3
and exogenous network S¥. Further, we know that since €™ is a small monetary shock, it does
not change the equilibrium network relative to SY. Therefore, P,(M®) = Py(M?;5°), Vk, where
Py, (M?; 89) is the the equilibrium price index of sector k& under money supply M?® and exogenous

network SY. We can therefore see that:

Py(M®;8%) = PL(M®) < P(M®;8%), vk

1 1
= Pk(MS;SO) Z Pk(MS;SL)7 vk
Pk(ML;SL) Pk(ML;SL)
= Pk<MS;SO) > Pk(MS;SL)’ vk
_ PME81)/PUMO;S0)  Py(ME;88)/P(MOs S
Pk(MS SO)/Pk(MO,SO) - Pk(MS;SL)/Pk(MO;SL)’
m pe(mm. QL
_ hEm)  BIE™ST) (74)

which gives us the second inequality in the proposition.
Combining (69) and (74):

(75)



forall k =1,2,..., K. ]

Theorem 3 (Size dependence). Suppose Assumption 1-3 and 6 hold. For a baseline pair (A, M),
and the baseline equilibrium network SO, let €™ > 0 be a small monetary shock and E™ > 0 be
a large monetary shock. Further, let ST be the equilibrium network following the large monetary

shock. The ratios of exact impulse responses of GDP satisfy:

Ce(E™; 89) _ C(E™) _ > (76)
Ce(em;89) ~ C(em)  Ce(em; SL)

where C(.) is the exact impulse response under endogenous networks, whereas C¢(.; S) is the exact

impulse response under the exogenous network S.

Proof. Recall that Pr(M?%) < Prp(ML; S)VEk. Hence,

PC(ML) _ PC(P (ML) P ML < P¢ P ML,SO F ML'SO
ML = 1 PRREE) K( ))\ ( 1( 3 )7"'3 K( ) ))
pc ML;SO
— (/\/lL) (77)
Combined with the cash-in-advance constraint:
C’(./\/lL) PC(ML; SO)
= =1
C(ML; 50) Pe(ML)
= O(MF) = c(M*E; 8%
C(MF) C(M*; 89
= =
C(M5;89) = C(M5;89)
C(M")/C(Mo; SY) C(M*;8°)/C(Mo; S9)
= =
C(M?5;59)/C(Mg; S°) — C(M5;89)/C(Mo; SO)
~ m ~e( rm. Q0
L OE") OB S (78)
C(em) = Ce(e™; S9)
Recall that Py(M?®) = Pi(M?;S%) < P(M; SE)Vk. Hence,
Pe MS; S0 o — .= _
PSS pe(Py(M5:80), .. Pre(MS; 8%) < PP(MS: S), ... Pre(M5: 1))
pec MS;SL
— (./\/15) (79)
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Combined with the cash-in-advance constraint:

C(M?S;8%  Pe(M5;SE)

COMS;SE) ~ Pe(Msis0) = !
_ 1 < 1
C(M?S;89) = C(M*S;Sh)
c(st,ME (st Mb)
= <
C(S9, Ms) C(SL, M9)
C(M";8")/C(Mo; S°) _ C(MF;8)/C(Mo; ST)
= <
C(M?Z;59)/C(Mo; S9) — C(M?Z;.8F)/C(Mo; SF)
~(m ~e(mm. QL
_ C(Bm) _ Co(Bish) 50
(™) — Ce(e™ St
Combining (78) and (80):
~e( m. Q0 ~(m ~e(m. QL
Ce(Em;8) _ C(E™) _ Co(B™;5Y) s
Ce(em; S0 C(em) — Ce(em; SL)
O]

B Proofs of additional results

B.1 Business cycles driven by exogenous markups shocks

Lemma A1l (Baseline GDP). Suppose Assumptions 1-3 hold. Consider two otherwise identical
baselines, which differ only in the ezogenous sectoral tax rates given by {T,} | and {Fx}X |, re-
spectively. Suppose that T, < Tk, Yk, so that one of the baselines has (weakly) larger tax rates in

every sector, and hence (weakly) larger desired markups. Then, C ({Ik}szl) =>C ({?k}szl).

Proof. Let {Pﬁ}ﬁil be equilibrium ratios of sectoral prices to money supply under the baseline

sectoral tax rates {7} ;. Naturally, they satisfy the following fixed point condition:
k=1

P = o [P0 e [0 0 min @S, AnS). B | | (s2)
k — k M k k 0_ 1 Sk k k> k k) r T’ESk
or
P, = fk[rgin@k(sky-/‘tk(sk)y (Pres,); 7], Vk (83)

where f[ . ;7] = f[ . ;7] for any 7 > 1, VE.

Suppose each T falls to 7, < 7, Vk, and define {?,lﬂ}le such that they satisfy:

P, = fk[rréikn@k(sk,flk(sk), (Pres,);Thl,  Vk (84)
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Since fr[ . 7l < fil - ;7k], VE, it follows that:

.= —=0 .= —0 _
fk[nbl}n Qk,‘(Sk‘7Ak(Sk)7 {Pr}'reSk);Ik] < fk:[rg,ln Qk(skaAk(Sk)>{Pr}TGSk);Tk’]a Vk (85)
k k
=P, <P, Vk (86)
The rest of the proof follows directly from the proof of part (a) of Lemma 1, where from fixed point

iteration it follows that Pk({?k}szl) > Fk({zk}le), Vk, and hence ?c({?k}le) > ?c({zk}szl) and
C({Ik}szl) = C({?k}szl)' O

Lemma A2 (Baseline supplier choices). Suppose Assumptions 1-5 hold. Consider two other-
wise identical baselines, which differ only in the exogenous sectoral tax rates given by {Ik}§:1
and {?k}szl, respectively. Suppose that T, < T,Vk, so that one of the baselines has (weakly)

larger taz rates in every sector, and hence (weakly) larger desired markups. Then, Sk ({Ik}le) 2

Se ({Trhiy), for allk =1,2, ..., K.

Proof. Let S° = S({71x}£_,) be the equilibrium network under the sectoral tax rates {7j}X .

Naturally, it satisfies:
SY € arg r%in@k(sk,Ak(Sk% {Pr({Tetiz)bresy), V. (87)
k

Suppose each 7y, falls to 7, < Ty, Vk. From the proof of Lemma A1 it is known that Py ({7} ) >
Fk({zk}szl), Vk, and hence by Theorem 4 of Milgrom and Shannon (1994):

argrginék(sk, Ar(Sk) APr({Th o1 res) 2 argﬂéinék(sk, Ak(Sk) AP ({Trthe1) brese)s
= Se({Tithe1) 2 Se({Trtiz1), k. (88)

O]

B.2 Nominal wage rigidity

Lemma A3 (Baseline GDP). Suppose Assumptions 1-3 hold. Consider the extended version of
the model with K + 1 sectors, where the additional sector contains a continuum of labor unions,
whose price setting is subject to a lottery with an adjustment probability (1 — ay,) € (0,1). Further,
consider any two otherwise identical baselines which differ only in the level of money supply given
by M, and My, respectively, where My < My. Then, C(My) = C(M,).

Proof. The price index of the union sector is given by

1
1—-6

1
P, = [auPiae +(1— au)Wlfo] = [auPiBa +(1-— au)./\/llfa] = Py(M) (89)
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where P,(M) strictly rises in M, whereas w strictly falls in M.

For any non-union sector k = 1,2, ..., K, define P, = %’j to be the ratio of the sectoral price
index to the price index of the labor union sector. Let {P,g}ﬁil be equilibrium ratios of sectoral
prices to labor union price index under the baseline money supply M. Naturally, they satisfy the
following fixed point condition:

1

=0 Pk,O 1-0 Py H0 o
Py = |ag {Pu(/\/lo)] + (1 — o) [(1 + i) Hsl,}cn Ok (Sk, Ak (Sk), { P> }TESk)] (90)
P = fulmin Q(S, Ax(Si) {F }resy): Pu(My)], - Vk (91)

where fr[ . ;P < fi] . ;Pu,Vkfor any P, > P,.
Suppose the baseline level of money supply rises from M, falls to My > M, , and define
{F,lc}le such that they satisfy:

P;% = fk[néin@k(ska Ak (Sk), {pvp}resk)% PU(HU)]’ vk (92)
Since P,(Moy) = P,(M,), then fr[ . ;P.(Mo)] < fe - ;Pu(My)], Vk, it follows that:

fr [Hb{in@k(ska Ak(Sk), {B}res,); PuMo)] < fk[HéiH@k(Ska Ae(Sk), AP }res,)s Pu(Mg)] - (93)

= Pl < P) = Pu(M,), VEk. (94)

In the same way as in proof of part (a) of Lemma 1, from fixed point iteration it then follows that

P.(My) < Py(M,), Vk. From the cash-in-advance constraint:

_ —1
= (WPC(R(M@,...,PMM@)) : (95)
Since Py(Mo) < Pe(My), ¥k and 2200l < PuGo) it follows that
C(Mp) = C(My). (96)
O

Lemma A4 (Baseline supplier choices). Suppose Assumptions 1-5 hold. Consider the extended

version of the model with K + 1 sectors, where the additional sector contains a continuum of labor
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unions, whose price setting is subject to a lottery with an adjustment probability (1 — ay) € (0,1).
Further, consider any two otherwise identical baselines which differ only in the level of money
supply given by M, and My, respectively, where My < My. Then, Sp(Mo) 2 Sk.(M,), for all the

non-union sectors k =1,2,..., K.

Proof. Let S° = S(M,) be the equilibrium network under the baseline money supply M. Natu-

rally, for every non-union sector k = 1,2, .., K it satisfies:
SY e argngin Ok (S, Ak(Sk), Pu(Mg) AP (M) }res,,)
k
=argmin P, (M) Ok (Sk, Aw(Sk)s {Pr (M)} res;,)

*argmm O1(Sk, A (Sk), {Pr(Mg)}res,), k. (97)

Suppose the baseline level of money supply rises from M, falls to My > M,. From the proof
of Lemma A3 it is known that Py(Mp) < Py(M,), Yk, and hence by Theorem 4 of Milgrom and
Shannon (1994):

argmm Ok (Sk, Ak (Sk), {P-(Mo)}res,) 2 argmm 1Sk, Ar(Sk), {P-(M) }res,), Yk (98)
= Sk(./\/l()) = Sk(MO), VEk. (99)

O]
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C Endogenous persistence of production networks

Figure 13: Production networks under baselines driven by transitory productivity
changes (p, = 0)
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D Additional econometric exercises

D.1 Formal tests for significance of non-linear effects

Figure 14 shows p-values for formal tests of significance of non-linear (sign and size) effects present
in specifications (18) and (20). Panels (a) and (b) show that for the response of intermediates
intensity to productivity and monetary shocks, both sign and size effects are highly significant at
the horizons exhibiting largest responses of intermediates intensity. Panels (¢) and (d) show that

the patterns are similar for the responses of average number of suppliers.

D.2 Alternative non-linear estimation using sectoral data

Here I consider an alternative approach to modeling non-linearity in my local projections setting. In
particular, I re-estimate (18), where instead of adding interactions with a sign dummy and absolute
value of the shock, I add quadratic and cubic shocks, which similarly capture possible sign and size

effects:

Opast = oo + B st + By s + BiCst + YHTk -1 + Entrd (100)
for H = 0,1, ..., H, where it follows that B‘;}g" > ( indicates that positively-valued shocks make the
impulse response more positive, whereas ﬁf}ze indicates that larger shocks make the response more
positive. Figure 15 reports estimation results using this alternative specification. Reassuringly,
results remain virtually unchanged relative to the non-linear specification in (18), both in terms

of magnitudes of effects, as well as in when it comes to sign and size effects and their statistical

significance.

D.3 Alternative non-linear estimation using firm-level data

Here I once again consider the alternative approach to modeling non-linearity in my local projections

setting, this time applied to the firm-level data on the number of suppliers.
indea. o linear sign 2 size 3 . . 101
indegjivm = oy + B st + By sp + BiCsy + yHT -1 + €5+ H], (101)

for H = 0,1,..., H. Figure 16 reports the estimation results. One can see that results relative to
the specification (20), results remain virtually unchanged, both in terms of magnitudes of effects,

as well as in when it comes to sign effects and their statistical significance.
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Figure 14: P-values for tests of significance of non-linear effects
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Notes: Panels (a)-(b) show p-values for the test that the horizon-specific coefficients on mon-linear sign and size effects

from specification (18) (B;}gn,ﬁﬁze) are significantly different from zero, for Fernald (2014) productivity and Romer and
Romer (2004) monetary shocks, respectively. Panels (c)-(d) show p-values for the test that the horizon-specific coefficients on

non-linear sign and size effects from specification (20)(8

sign

7/8%2:c

productivity and Romer and Romer (2004) monetary shocks, respectively.
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Figure 15: Non-linear IRFs of intermediates intensity to shocks
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Notes: Panels (a)-(b) show estimated non-linear IRFs of intermediates intensity to a productivity shock based on Fernald

(2014), using specification in (100); the set of controls includes one lead of productivity shock and one lag of intermediates
intensity, productivity shock, (log) real GDP, (log) total factor productivity, as well as a time trend. Panels (c)-(d) show
estimated non-linear IRFs of intermediates intensity to a monetary shock based on Romer and Romer (2004), using specification
in (100); the set of controls includes one lead of monetary shock and one lag of intermediates intensity, monetary shock, (log)
real GDP, federal funds rate, as well as a time trend. Panels (e) and (f) shock p-values for the test that non-linear terms are
zero.
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Figure 16: Non-linear IRFs of number of suppliers to shocks
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(2014), using specification in (101); the set of controls includes one lead of productivity shock, four lags of the number of
suppliers, one lag of productivity shock, (log) real GDP, (log) total factor productivity, as well as a time trend. Panels (c)-(d)

show estimated non-linear IRFs of the number of suppliers to a monetary shock based on Romer and Romer (2004), using

non-linear terms are zero.

specification in (101); the set of controls includes one lead of monetary shock, four lags of the number of suppliers, one lag of

monetary shock, (log) real GDP, federal funds rate, as well as a time trend. Panels (e) and (f) shock p-values for the test that



